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On the Derivatives of a Polynomial
by
VINAY KUMAR JAIN

Abstract

For a polynomial p(z) of degree n, having all its zeros in |z| < k, (k > 1), we
obtain a refinement of known result [2]

f n
max z)| >
max p()] > 1

(by using certain coefficients of p(z)), and an inequality, similar to known result involving
s'" derivative, (2 < s < n), instead of the first derivative of p(z) (and better than the
similar inequality, obtained by repeated applications of known result, in many cases).

7 ax [p(2)],
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1 Introduction and statement of results

For an arbitrary polynomial f(z) let M(f,r) = max),—, |f(z)]. Further let p(z) =
Z?:o ajz? be a polynomial of degree n. Concerning the estimate of |p'(z)| on |z| < 1, we
have firstly obtained

Theorem 1. Let p(z) = Z?:o ajzj be a polynomial of degree m, having all its zeros in
lz| <k, (k>1). Then

+ ‘anlkn+1
M@, 1) >n 20| M(p,1).
W 1) 2 e T Rt ) Jag o gy P
The result is best possible with equality for the polynomial p(z) = 2™ + k™.

Secondly we have obtained a result, similar to Theorem 1, involving the s derivative of
p(2), (2 < s < n), instead of the first derivative of p(z). More precisely we have proved

Theorem 2. If p(z) is a polynomial of degree n, having all its zeros in |z| < k,(k > 1) then
for2<s<n

MpP®,1) > nn—-1)n-2)...(n—s+1)E"+
1

SR+ KO+ ) (L ) (] M ()
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Remark 1. Theorem 1 is a refinement of Govil’s result [2]

Mp,1) > HLan(p,m. (1.1)

Remark 2. Theorem 2 is better than the result

. nin—1)(n—-2)...(n—s+2)(n—s+1)
MED) > G T ) (o R 0 )

M(p,1), (1.2)

(obtained by repeated applications of ineq.(1.1)), for
k> ko,

where ko(> 1) is the greatest positive root of the equation
(k"5 (AR (1+E)) k"—i—z {A+E"HA+E"Y) (1R T 1] = 0,

(it being easily observed that left hand side of the equation is negative for k = 1).
Remark 3. For the polynomial

p(2) = (z+1)*(z +2),
having all its zeros in |z| < 2,

M(p',1) > 4, (by ineg. (1.1)),
M(p',1) > 5.684, (by Theorem 1),

thereby implying that we get better estimate for M (p’,1) by Theorem 1 than by ineq.(1.1)
and similarly

My

1) > 1.6, (by ineq. (1.2)),
(// )23

89 (by Theorem 2),

thereby implying that we get better estimate for M(p”,1) by Theorem 2 than by ineq. (1.2).

2 Lemmas

For the proofs of the theorems we require the following lemmas.

Lemma 1. If p(z) is a polynomial of degree n then

max Ip(2)] < Rn(ﬁ@f lp(2)]), R > 1,

with equality only for p(z) = Az"™.

Proof of Lemma 1. Tt is a simple consequence of maximum modulus principle, (see [4]).
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Lemma 2. Let f(z) be analytic in |z| < 1, with f(0) =a and |f(z)] < M, |z| < 1. Then

f(2)] < 2L lal

AT < 1
<My

Lemma 2 is a well-known generalization of Schwarz’s lemma, (see [5, p.212 ]).

Lemma 3. Let f(z) be analytic in |z| < 1, with f(0) = a and |f(2)| < M, |z| <1. Then

M|z|+]|a
()] < MM Ty <,

Proof of Lemma 3. It easily follows from Lemma 2.

Lemma 4. Let p(z) be a polynomial of degree n and

Then for 1 <s<mn

() = (nn—1)...(n—s—1))""° p(1/z) —
(D =1)n—2)...(n—5 = 1)=z"" p(1/3) +
(B) (=D =3)...(n =5 =T)=" "2 p'(1/3) -
G =3)(n—4)...(n =5 =1)=""" P/ +... +
(D' (=) (=5 = 1)z pOA/E) +...+
(~1)" 7 (o) = 5= D)2 T pE(1/E) +
(~1)'()z" > PO (1),

Proof of Lemma 4. Tt follows easily by mathematical induction.

Lemma 5. If p(z) is polynomial of degree n, having all its zeros in |z| < k, (k> 1) then
for2<s<mnandl <t<s-—1

{(n=t)(n—t=1) ... (n—s = D)IM (P, 1) < {(E"+1) (K" 14+1) ... (K" T+ 1) M (™), 1).
Proof of Lemma 5. It follows by repeated applications of ineq.(1.1).

Lemma 6. Let T'(z) be a polynomial of degree n, having all its zeros in |z| < 1 and let
R(z) be a polynomial with its degree < n. If

[R(2)[ < [T(2)], [2] =1 (2.1)
then for0 <s<n
[RO(2)] < [T (2)], |2] 2 1,(RO(2) = R(2), T (2) = T(2))-

Proof of Lemma 6. Using (2.1) we can say that the zero z}, (with [2}| = 1 and multiplicity
t;), of T'(z) will also be a zero, (with muliplicity (> ¢;)), of R(z), thereby helping us to write

T(z) = ¢o(2)T1(2), (2.2
R(z) = ¢o(2)Ri(2), (2.3

T (2 — 2)); |20 = 1V with 7, ¢ = £, T(2) h i —1,
bo(z) = {1 (2 z]) |z]\ § wit Z],_Tl(ij) 7éto O§1Z|)Z| a:S 1c7e1rta1n zeros on |z| (%4
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with

|R1(2)| <|Ti(2)], |2| =1, (by (2.1),(2.2),(2.3) and (2.4)). (2.6)
Firstly let T'(z) have certain zeros on |z| = 1. Then by (2.2), (2.4) and (2.5) we can say that
T (z) is a polynomial of degree (n —t), having all its zeros in |z| < 1. Now by (2.6) we have
for A with |A] > 1

[R1(2)] < ATi(2)], 2] = 1.

Therefore by Rouché’s theorem, the polynomial AT} (z)—R;(z) will have (n—t) zerosin |z| < 1
and accordingly the polynomial AT'(z)—R(z) will have all its zeros in |z| < 1. Further by using
Gauss-Lucas’ theorem we can say that for 0 < s < n, the polynomial AT(®)(2) — R(®)(2) will
have all its zeros in |z| < 1 and therefore |[R()(2)| < |T®)(z)|, |2| > 1. On using continuity
Lemma 6 follows for the possibility under consideration. Finally let T'(z) # 0 on |z| = 1.
Then Ti(z) = T(2), (a polynomial of degree n), (by (2.2) and (2.4)), R1(z) = R(2), (by
(2.3) and (2.4)). Now Lemma 6 for the present possibility will follow similar to previous
possibility. This completes the proof of Lemma 6.

Remark 4. Lemma 6 is a generalization of Bernstein’s result( [1], [3, Theorem C]).

Lemma 7. If p(z) is a polynomial of degree n, having all its zeros in |z| < k, (k > 1)
and

q(z) = z"p(1/z) (2.7)
then for0 <s<n
M(g",1) <k"M(p*), 1).

Proof of Lemma 7. We observe that

P(2) = p(k2) (2.8)
is a polynomial of degree n, having all its zeros in |z| < 1 and
Qlz) = 2"P(1/z), (2.9)

= k()" (/2. (by
= Kq(z/k). (by (27)

is a polynomial of degree < n, with the characteristic |Q(z)| = |P(2)|,|z| = 1. Therefore by
Lemma 6 we can say that for 0 < s <mn

QW ()] < [P (2)], |2 > 1, (2.11)

(2.8)),
) (2.10)

B 2O C)] < o (b)), 2] 2 1, (by (28) and (2.10)). (2.12)
On taking z = ke'?, 0 < 6 < 27, in (2.12) we get for 0 < s <mn
kP20 ()] < [p) (K2e’)], 0 <6 < 27,
which implies
K2 M (g, 1) M@, k?),
(K2)"*M(p'®,1), (by Lemma 1)

INIA

and Lemma 7 follows.
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3 Proofs of the theorems

Proof of Theorem 1. By symbols used in Proof of Lemma 7 and inequality (2.11) we
can say that

Q') < [P'(2)], |2 =1. (3.1)

Using (3.1) we can say that a zero z;, (with |z;| = 1 and multiplicity m;), of P’(z) will also
be a zero, with multiplicity (> m;), of Q’(2), thereby helping us to write

P(z) = 6(z)Pi(2), (3.2)
Q) = #=)Qu(2), 3.3

where

|1 ,P'(2) #0o0n |z| =1,
#(z) = { IE_ (2 = 2;)™5 |25] = 1¥j , P'(2) has certain zeros on |z| = 1, (3.4)
Pi(z) #0, [z] =1 (3.5)
and
[Q1(2)] < [P1(2)], |2 =1, (by (3.1),(3.2) and (3.3)). (3.6)

Now as P(z) has all its zeros in |z| < 1, we can say by Gauss-Lucas’ theorem that P’(z) will
also have all its zeros in |z| < 1. Therefore by (3.2), (3.4) and (3.5), we can say that

_ Qi(»)
is analytic in |z| >/, (for certain r/, with (0 < 7’/ < 1)), including oo and accordingly
f(z) =v(1/2), (3.8)
with
fO)=9(0) = ltiseotp(2),

— U ggz; (by (3.7),(3.2) and (3.3)),

_ G0

= o (by (2.8) and (2.9)) (3.9)
is analytic in |z| < £, (& > 1). Further |¢(z)| < 1,]z| =1, (by (3.6)) and therefore

(2] <1, [2] =1, (by (3.8)), (3.10)

which, by (3.9) and Lemma 3, helps us to write

|2l + g |

1 < a0 11 <L
a2l +1
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i.e.

i.e.

i.e.

i.e.

i.e.

i.e.

i.e.

Vinay Kumar Jain

|an|k"r + |ao|

0| < <land0<0<2 3.11
N S Jagfr oo 7= 1m0 =0 <20 1)
1 . nlE™
ke < m 0<r<1land0<0<2m (by (3.8)),
0 n
. nlE™ R
|¢(Re_19)| < W, R>1and 0 <0 <2m,
0 n
o ek 4 JalR
@) < (2B P (R ), R 21, (o (31)
s an|k™ + |ao|R —
Q' (Re™ )| < Mwme ), R> 1, (by (3.2) and (3.3)),
K 4 Jaol2]
(o)) < 1an K"+ laoll2] 1 >1
1Q'(2)| < lao| + |an|k”|z|‘ ()]s |2l > 1,
n|k”
K2 (o /)| < G a0l g s 1 by (2.8) and (2.10)). (3.12)

|ao| + lan|k™z]

By taking z = ke in (3.12) we get

lan |k~ + |aol

kn73 /eiG <
/()] <

Ip (K%Y, 0 < 6 < 2,

which implies

n—1
kn73M(q/,1) < |a’n|k + |a0|

o MY R
_|a0|+|an‘k"+1 (', k%)

and therefore

n—1
M(ql71) < |an|k +|a'0|

EMIM (' 1), (by L 1). 3.13
S e e (#',1), (by Lemma 1) (3.13)

Now by (2.7), we get

I (") + P/ (e")] = n|p(e)], 0 < 6 < 2,

which implies

M(q', 1)+ M(p',1) > nM(p,1)

and on using (3.13) we get

|ao| + |an|k"*
lao (T + & 1) + [an | (k7 F1 + k27)

M@p',1)>n M(p,1). (3.14)

This completes the proof of Theorem 1.



On the Derivatives of a Polynomial 345

Remark 5. If instead of, the polynomial p(z) = Z?:o ajzl, (of degree n), having all its
zeros in

|z| <k, (k>1) we consider the polynomial p(z) = Z;L:m a;jzd, (0 <m <n), (of degree n),
having all its zeros in |z| < k, (k > 1), then, by thinking of, the function

Q'(z) (P(z) and Q(z), as in (2.8) and (2.9)),
x(z) = .| analytic in 1 <|z| < o0, as well as inr’ < |z| <1, |, (3.15)
(for certain r', with (0 <1’ < 1))
_ (n=m)a kM2 @k (analytic in 1 < |z] < oo, (3.16)
B nank™z" 1 + ...+ amkmmzm—1l T \aswell as in v <|z| <1 )7

along with

f(z)=v(1/z), (asin (3.8)), (3.17)

the relation

f(z) = x(1/z2), (0<|z] <1,1<|z| <1/1),
(= M)A k™ + ..+ @y k"Ll ,
= 1,1 1
“ napk™ + ... + apkmmzn—m (0 <fz] <1<zl <1/r),
(by (3.16)), (3.18)
= 2MT(z), (say),(0<|z| <1, 1<|z] <1/r), (3.19)
with
(n —m)a, k™
T = —— (b 1 2
) AT (by (319)) (3.20)
= d, (say),
T(z) = f(2)/2™,0<]z|<1,1<|z] <1/r), (3.21)
T(z) = 1t.,,T(C), |z| =1, (by using (3.21) and (3.17)), (3.22)
as T'(z) is analytic in |z| < 1, by (3.15), (3.19), (3.18)
IT(z)] < 1, |2/ <1,| and (3.20), and T'(z) is continuous in |z| < 1, by (3. 21

(3.22) and the fact that T'(z) is analytic in |z| <1

and on applying Lemma 2 to T'(z) we get

2| + |d]
T(2)] < 29 <1,
7)< o 1
which, by (3.21), implies that
2] + |d]
2) < |z|"M————, 0< |2| < 1
G < e 0 <
and therefore p
N < e EE

L+ [2]|d]”
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as well as
2| + |d|

|f(2)] < |Z|mm

» 21 <1, (by (3.10)),

ie.
nlan |k"r™H 4+ (n — m)|any, |k r™
nla k™ + (n — m)|ap|kmr

thereby giving, (on repeating steps from (3.11) to (3.14), (of, Proof of Theorem 1))

|[f(re)] <

r<l,

nlan k" + (n — m)|an, k™
nlan| (k20— 4+ k74 4 (0 —m)|am| (B + k™)

M@, 1) >n M(p, 1), (3.23)
a generalization of Theorem 1. (Please note that (3.23) is trivially true for m = n also,
thereby suggesting that (3.23) is true for the polynomial p(z) = Z?:m ajz?, (0 <m <n),
(of degree n), having all its zeros in |z| < k, (k > 1)).

Proof of Theorem 2. Using Lemma 4 we get for 2 <s<mn

s 1
+ (n=t)(n—t=1)...(n—s+1))[p® ()| + ()p™ (=)l

> (n

/-\u.
/\»—A

n—=1)...(n—s+1))p(z), |z[=1,
which implies

s—1

M(@“,1) + (=)=t =1)...(n—s+1))MEY, 1)+ (ME*,1)

t=1
(nn—=1)...(n—s+1))M(p,1). (3.24)

vV

Now by combining (3.24) with Lemma 5 and Lemma 7 we get for 2 < s <n

s—1
+ YOI R AR A R (OIM (), 1)
t=1

Y

n(n—1)...(n—s+1))M(p,1)

and Theorem 2 follows.
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