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Abstract

We study a class of nonhomogeneous elliptic problems with Neumann boundary
condition and involving the p(z)-Laplace operator and power-type nonlinear terms with
variable exponent. The main result of this paper establishes a sufficient condition for
the existence of infinitely many weak solutions, provided that the positive parameter
is sufficiently small. We also prove that these solutions are low-energy solutions, that
is, they converge to zero in an appropriate function space with variable exponent. The
proof combines variational arguments with a recent symmetric version of the mountain
pass lemma.
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1 Introduction

Let Q C R be a bounded domain with smooth boundary. Consider the following nonhomo-
geneous eigenvalue problem

—Apyu = Au)9®)=2y, z €
{ w=0 v €0, (1.1)

where p,q : @ — R are continuous functions and Ap(z) denotes the p(x)-Laplace operator,
which is defined by
Apzyu = div (|Vu|P®)=2vy).

The case p(z) = ¢(x) was considered by Fan, Zhang and Zhao [5], who established
the existence of a countable family of eigenvalues of problem (1.1). Their arguments rely
essentially on the Ljusternik-Schnirelmann theory. A more interesting case corresponds to
different variable exponents p and ¢, due to multiple competition effects that can appear. To
the best of our knowledge, the first such research is developed by Mihailescu and Radulescu
[8]. They assumed that

1 < ming(z) < minp(z) < maxq(x). (1.2)
z€eQ €N e

Observe that this condition cannot hold in the case of constant exponents. Under hypothesis
(1.2), it is established (in the subcritical setting) that there exists A* > 0 such that any
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A € (0,\*) is an eigenvalue of problem (1.1). In particular, this result two facts:

(i) the principal eigenvalue associated to problem (1.1) is zero;

(ii) problem (1.1) has a continuous spectrum in a neighborhood of the origin, which is contrast
with the cases described by the Laplace or p-Laplace operators.

A central role in the arguments developed in [8] is played by the Ekeland variational
principle [4]. We also refer to Rddulescu [10] and the monograph by Radulescu and Repovs
[11], where there are established related qualitative properties, provided that condition (1.2)
is replaced with other growth assumptions for the variable exponents p and q.

The present paper is inspired by the aforementioned works [8], [10] and [11]. We are
concerned with a related eigenvalue problem that involves several variable exponents. This
time we are interested in the influence of combined effects for a class of nonhomogeneous
eigenvalue problems with Neumann boundary condition. We study in this paper the following
nonlinear problem

—Ap(pyu + u[P@ =2y = \|u|7®) =2y, x €N

|Vu|p(£)_2@ = f(u), x € 08, (1.3)
v
where ) is a positive parameter and v denotes the exterior outward normal to 9€).

Under suitable hypotheses on the variable exponents p, ¢ and the nonlinear boundary
term f, we prove that problem (1.3) has infinitely many solutions, provided that A > 0 is
small enough.

The arguments developed in this paper show that a similar result holds if the p(x)-
Laplace operator is replaced with other nonhomogeneous differential operators with variable
exponent, for instance the generalized mean curvature operator defined by

div ((1 + |Vu|2)[p(m)_2]/2Vu> .

2 Function spaces with variable exponent

In this section we recall some basic definitions and properties concerning the Lebesgue and

Sobolev spaces with variable exponent. We refer to the monographs of Diening, Hésto,

Harjulehto and Ruzicka [3] and Rddulescu and Repovs [11] for proofs and additional results.
Consider the set

C,(Q)={hecC), h(z) > 1forall z € Q}.
For all h € C(Q) we define

R = sup h(x) and h™ = inf h(z).
z€EQ z€eQ
The real numbers AT and h~ will play a crucial role in our arguments and usually the
gap between these quantities produces new results, which are no longer valid for constant
exponents.
For any p € C, (Q), we define the variable exponent Lebesgue space

LP@)(Q) = {u; u is measurable and / lu(z)|P®) dz < co}.
Q
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This vector space is a Banach space if it is endowed with the Luxemburg morm, which is

defined by
p(z)
[u|p(z) = inf § > 0; / de <15%.
Q

Then LP(®)(Q) is reflexive if and only if 1 < p~ < pt < oo and continuous functions with
compact support are dense in LP(®)(Q) if p* < oo.

The inclusion between Lebesgue spaces also generalizes the classical framework, namely
if 0 < || < oo and p1, ps are variable exponents so that p; < ps in  then there exists the
continuous embedding LP?(*) (Q) — LP1(*)(Q).

We denote by L4®)(Q) the conjugate space of LP(*)(Q), where 1/p(x) + 1/q(x) = 1. For
any u € LP@)(Q) and v € LI®)(Q) then the following Hélder-type inequality holds:

/uv dx
Q

The modular of LP(*)(Q) is the mapping Pp(z) LP®)(Q) — R defined by

u(@)
I

11
< < + ) |ulp(a)V]g(z) - (2.1)
P~ q

Pp(x) (u) :/ ‘ulp(z) de.
Q

If (un), u € LP®)(Q) and pT < oo then the following relations are true:

- +
ulpa) >1 = Mi(z) < Pp(ay(u) < |“‘§(z) (2.2)
4 _
‘u|p(w) <l = |u\g(x) < pp($)(u) < |u\£(x) (2.3)
[ = Ulpz)y =+ 0 & ppa)(un —u) — 0. (2.4)

We define the variable exponent Sobolev space by
Wr@(Q) = {u € LP@(Q) : |Vu| € LPF(Q)}.

On WHP(@)(Q) we may consider one of the following equivalent norms
Hu”p(x) = ‘ulp(r) + |vu|P(ﬂ7)

p(z)
|u|| = inf {u > 0; / <’Vu(x) ) dx < 1} .
Q K

We define Wol’p(m)(Q) as the closure of the set of compactly supported W1P(#)_functions
with respect to the norm ||ul|,z). When smooth functions are dense, we can also use the
closure of C$°(Q) in WHP()(Q).

The space (WP (Q), | - ||) is a separable and reflexive Banach space. Moreover, if
0 < |9 < oo and p1, ps are variable exponents so that p; < py in © then there exists the
continuous embedding W1P2(®)(Q) — Wi (2)(Q).

or
p(z)

| [uta)

x
1
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Set
O (0) = / (V@)@ + Ju(z) 7)) da. (2.5)

If (un), u € WHP(E)(Q) then the following properties are true:

- +
ul >1 = Jlull” < op@)(w) < ull” (2.6)

. _
ull <1 = [ull” < opga)(u) < [lul” (2.7)
|wn —ull =0 < op@)(un —u) = 0. (2.8)

Set
Np(x) .
. —_— if p(x) < N
y)={ Nopw P
+o0 if p(x) > N.

We point out that if p,q € C(Q) and ¢q(x) < p*(x) for all x € Q then the embedding
WOLP(‘T)(Q) — L9®)(Q) is compact.
Next, we define for all z € Q

(N—=Dp(z) .
pu(z) = N (@) if p(z) < N
400 if p(z) > N.

If p,g € C.(Q) and g(x) < p«(z) for all z € Q then the embedding Wol’p(x)(Q) — L) (9Q)
is compact.

For a constant function p, the variable exponent Lebesgue and Sobolev space coincide
with the standard Lebesgue and Sobolev space. Cf. [11], the function spaces with variable
exponent have some striking properties, such as:

() If1<p” <pF <ocoandp:Q— [l,00) is smooth, then the formula

o0

() [Pdz = p/ -1z € Q: Julz)| > t}] dt
Q 0

has no variable exponent analogue.

(ii) Variable exponent Lebesgue spaces do not have the mean continuity property: if p is
continuous and nonconstant in an open ball B, then there exists a function u € LP()(B)
such that u(z + h) ¢ LP(*)(B) for all h € RN with arbitrary small norm.

(iii) An argument in the development of the theory of function spaces with variable
exponent is the fact that these spaces are never translation invariant. The use of convolution
is also limited, for instance the Young inequality

If * 9lpz) < Clflpe) lglle

holds if and only if p is constant.
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3 The main result

We first introduce the main hypotheses on the variable exponents p, ¢ and the nonlinear
function f involved in problem (1.3). The growth assumptions on f are in strong relationship
with the decay of the potentials p and gq.

We suppose that

p,q € Cy(Q), ¢ >p" and q(z) < p*(x) for all x € Q. (3.1)

Throughout this paper, we assume that f : R — R is a continuous, odd, bounded function
that fulfills the following hypotheses:

T RS (3.2)
u—0+ yP -1
and for all ¢ > 0 there exists C, > 0 such that
|F(u)| < 5|u|q+ +C. for all u € R, where F(u) := fot f(s)ds. (3.3)

The energy functional associated to problem (1.3) is E : W1P(®)(Q) — R defined by

p(x) p(z) q(z)
[Vul?™ + Ju dx — / F(u)do — A [ul dx
Q p(x) o0 o q(z)
for all u € WP (Q).

Assumptions (3.1) and (3.3) imply that E is well-defined and of class C'. Moreover,
E(0) =0 and E is even. By straightforward computation we deduce that

E(u) =

E'(u)(v) = /(\Vu\p(z)*QVqu+|u|p("’”)*2uv> dxf/ f(u)vdo —
Q 19)
)\/ |u| @) =2y de,
Q

for all v € WP (Q).

We are looking for weak solutions of problem (1.3), that is, nontrivial critical points
of E. Equivalently, we say that A € R is an eigenvalue of problem (1.3) if there exists
u € WHPE)(Q)\ {0} such that

/ (|Vu|p(z)_2VuVU + |u|p(m)_2uv> dx — / f(u)vdo — )\/ u|1®) = 2ypda = 0,
Q 0 Q

for all v € W@ (Q).

In such a case, the corresponding eigenfunction u € W1P®)(Q)\ {0} is a solution of
problem (1.3).

The main result of this paper is stated in what follows and it asserts two basic facts:
(i) any A > 0 sufficiently small is an eigenvalue of problem (1.3);
(ii) to every such eigenvalue there correspond infinitely many eigenfunctions with lower and
lower energies with respect to suitable topology. This fact is essentially due to the sublinear
behavior of the nonlinear term f. In the case of a superlinear growth, we expect the existence
of infinitely many solutions with higher and higher energies.
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Theorem 1. Suppose that hypotheses (3.1), (3.2) and (3.3) are satisfied. Then the following
properties ar true.

(i) There exists \* > 0 such that for all A € (0,\*) there are infinitely many solutions
(un) of problem (1.3).

(ii) The sequence (uy) converges to 0 in WHP(®)(Q).

We first observe that E(0) = 0 and E is even. We now prove that E is bounded from
below.

3.1 Verification of the Palais-Smale condition

We first recall that the functional E : WP(*)(Q) — R satisfies the Palais-Smale condition if
any sequence (u,) C WHP(®)(Q) such that

E(u,) = O(1) and [|E' (un) | (w10 ()= = 0o(1) as n — oo, (3.4)

is relatively compact.
Let (u,) C WP (Q) be a sequence such that (3.4) is satisfied. We claim that

(un) is bounded in W1P@) (). (3.5)
Arguing by contradiction and passing eventually to a subsequence, we can assume that
lun|| — oo as n — oco.

We normalize this sequence and we set
Un,

[l

Uy, 1= for all n > 1.

Thus, up to a subsequence

v, — v weakly in WHPE)(Q)
v, = v in LP®)(Q) and L1)(Q)
Uy — U a.e. in Q.

Returning now to (3.4) we deduce that

|, |1(7)
o q(@)
It follows that there exists C7 > 0 such that for alln > 1

p(z) p(x)
/ [V [P+ uy, | dzr=0(1) asn — oco.
Q

(@) dx — /BQ F(uy)do — A

1

A
— (|Vun\p(””) + |un|p(1)) dx — / F(up)do — —_/ |1 dz < C).
Pt Ja o0 qa Ja

Let ¢ be the best constant of the compact embedding of WP(*)(Q) into L) (Q). We deduce

that
<1 _ AC) /Q (|Wn|p<x) + |un|p<x>) dx — / F(uy,(x))do < C. (3.6)

pt q 89
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In particular, we have

1A
=250 forall A<\,
p q
where
-
A= L
cpt

Since (uy) is unbounded, we can assume, up to a subsequence, that ||u,| > 1 for all
n > 1. By relations (2.6) and (3.6) w deduce that for all n > 1 we have

(1 _ A_C) lunll?™ = /m F(un(x))do < C. (3.7)

Dividing with [u,|[P" in (3.7) we obtain

<1+ - Af)/ (Ivvnv" +|un|")dx* / Flun@) g, o Gy (3.8)
D q Q oa lunll? [lwn ||P

as n — oo.
Next, using the fact that f is bounded, the mean value theorem yields

|F(un)| <[ fllLe - |tn].
It follows that

Fun(z))
oa llunllP”

do| < C -
oq llunl?

do —0 asn— oo, (3.9)

since p~ > 1.

Fix A € (0,\*). Returning now to relation (3.8) and using (3.9) in combination with
g~ > 1, we deduce that (v,) converges to zero, contradiction. This concludes the proof of
our claim (3.5). Thus, up to a subsequence Thus, up to a subsequence

Up — U weakly in W1P(®)(Q)
Up —> U in LP®)(Q), L1)(Q) and L*(59)
Up — U a.e. in Q.

Using relation (3.4), we have

1B (wn) |l (e )y = 0(1) as n — oo.

Therefore

/ (|Vun|p(x)72Vuan + |un|p(m)72unv) dx — fup)vdo —
Q o0

/\/ |t |7 20 vdz — 0 (3.10)
o

as n — oo for all v € WHP(@)(Q).
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Taking v = u,, — u in relation (3.10) we obtain

/ (|Vun|p(“’)72VunV(un — ) + |un PP 20, (uy, — u)) dz—
Q

(3.11)
fun)(up —u)do — )\/ |t |7 20y, (1, — w)da — 0
a0 Q
as n — 0.
Since u,, — u in L) (Q) it follows that
/ |t |9~ 20, (1, — w)dz — 0 as n — oco.
Q
Next, since f is bounded and u,, — u in L'(92), we obtain
fup)(un, —u)do — 0 asn — oco.
a0

Returning now to relation (3.11) we deduce that

lim sup/ <|Vun|p(””)*2VunV(un — ) + | [P 20, (0, — u)) dx <0. (3.12)

n— o0 Q

Since u,, — u weakly in WP (Q), relation (3.12) yields

lim sup |[u, || < |lul.
n—oo

Using now Proposition IT1.30 of Brezis [2] in combination with the fact that W1P(®)(Q) is a
reflexive Banach space, we deduce that

Up — u  in WHPE)(Q).

This shows that the energy functional E satisfies the Palais-Smale condition.

3.2 An auxiliary symmetric mountain pass lemma

We first recall the notion of genus of a set, see Struwe [12, pp. 108-124] for more details.

Let A be a subset of a Banach space X. We say that A is symmetric if u € A implies
—u € A. Assuming that A is symmetric, closed and 0 ¢ A, we define the genus y(A) of
A as the smallest integer k such that there exists an odd continuous mapping from A into
R¥\ {0}. If there is no such an integer k, we set y(A) = 4+o00. We also set v(0)) = 0.

We denote by T’y the family of all symmetric closed subsets of A such that 0 ¢ A and
V(A) = k.

Our arguments in what follows use the following symmetric mountain pass lemma estab-
lished by Kajikiya [6], which provides a sequence of critical values converging to zero.
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Theorem 2. Let X be an infinite dimensional Banach space. Assume that E is real-valued
functional of class C' defined on X such that the following hypotheses are fulfilled:

(A1) E(0) =0, E is even, and bounded from below;

(A2) E satisfies the Palais-Smale condition;

(A3) for all positive integer k, there exists Ay, € 'y such that sup,,¢c 4, E(u) < 0.

Then either (i) or (ii) below holds.

(i) There exists a sequence (uy) such that E'(u;) =0, E(u) < 0 and (ux) converges to
zero.

(ii) There exist two sequences (ug) and (vg) such that E'(ug) = 0, E(ug) = 0, ug # 0,
limg oo up =0, E'(vg) =0, E(vg) <0, limg_00 E(vx) =0, and (vg) converges to a nonzero
limit.

If the assumptions of Theorem 2 are satisfied then the energy functional E has a sequence
(up) of critical points (hence, solutions of problem (1.3)) with nonnegative critical values
E(u,) < 0. However, E is not bounded from below in WP (Q). Since we are looking
for nonnegative critical values, the idea is to construct a related “energy functional” £ with
good properties in the sense of Theorem 2 and such that E(u) = £(u) for all u € WP®)(Q)
such that E(u) < My, where My is a positive constant.

We first establish a lower bound of E(u) for ||u|| large enough. We have

1 + A
B = = lull, - =l

1
> — [lul”. (A +a) uld” | — C|o0
p q

q+

.
— elu|? + C.)do
b= [ (el +.C)

p(z) q()
1 + A +
>l - o ( 2+ 2) i, - C.lon
+ +
= C1 ||ully) = C2 [l — Cs,

p(x)

where C1, Cy, C3 are positive constants.
Since p™ < ¢, the function

Y(t) = Clthr - C2tq+ —(Cs, fort>0

achieves its (positive) maximum at some point t5r > 0. Set M = 9(tpr) > 0. Fix 0 < My <
M, hence there exists tg € (0,tas) such that (tg) = Mp.
Let g : [0,00) — R be a C'-function such that g = 1 in [0, o] and

O -y -M

ift>ty.
Cyta™ =M

g9(t)

Define the functional

[ VuP®) 4 P v — alllu w)do — g(||u ] T
e<u>_/g a el ||>/69F< Yo —g(| W/Q (@)

for all uw € WHP(@)(Q). Then £ is of class O, is even and satisfies the Palais-Smale. The
definition of £ shows that this functional is bounded from below. Moreover, if £(u) < My
then [Ju]] < to, hence g(||u]]) =1 and E(u) = £.
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We check in what follows hypothesis (A3) in the statement of Theorem 2. Fix a positive
integer k. We show that there exists a positive number pj such that v(Ay) > k, where Ay, is
the symmetric closed set

Ay = {u e W@ (Q); BE(u) < —pk} \ {0}

Let V denote an arbitrary k-dimensional subspace of Wl’p(””)(Q). For our purpose, we
claim that there exists ¢ > 0 small enough such that

{weV; lull =t} C 4.
This claim follows from the fact that

Y{ueV: full=t}) =k
combined with the property v(S1) < (S2), provided that there exists an odd continuous

mapping ¢ : S7 — Sa.
Fix u € WP (Q)\ {0}. Using hypothesis (3.2) we have

lim A(t) = 400,
t—0+
where
Alt) = F(tu)ﬁ
(t[ul)?

Using (2.7) we obtain for ¢ > 0 small enough

p(z) p(z q(x) |y, |9
I Ly Y

tP / _
< — VulP®) 4 [y[P@) dx——/ uq(x)da:—tpAt/ ul? do.
o= | (9l @) de = = ® [ 1l
Set
My = inf{/ w|f@da; weV, |ul = 1}
Q
and

Myo 1= inf{/ \u|“p7 dr; weV, |ul| = 1} .
Q

Since V is a finite dimensional vector space, it follows that my; and mys are positive numbers.

Assuming without loss of generality that ||u|| = 1, it follows that
B <7 A
tu) < — —mp1—— — Mpat t
p- q*

= tp7 <1 — A(t)mk2> — iTI’Lkl.
P~ '
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Since p~ < ¢T, limy_,o4 A(t) = +o00, and my1, mye are positive numbers, we deduce that
there exists t > 0 small enough such that

(1 ta"
t pi — A(t)ka - qjmk-l = — Pk < 0.

The same arguments show that £ also satisfies hypothesis (A3) in the statement of The-
orem 2.

3.3 Proof of Theorem 1 completed

We have established that £ satisfies the hypotheses of Theorem 2. It follows that £ has
infinitely many critical points (uy) with negative critical values, hence £(ur) = ¢ < 0,
where

¢ = inf sup &(u).

g A€l ueg ( )
The above construction shows that £(ux) = E(ug). This shows that uy are critical points of
E thus weak solutions of problem (1.3). Moreover, again by Theorem 2, the sequence (uy)
of nontrivial solutions converges to zero in WP (Q).

Conclusions and open problems

The study developed in this paper is inspired by some of the results contained in the mono-
graph [11]. However, the present paper is concerned with a class of Neumann problems with
variable exponents, while the aforementioned book is mainly devoted to Dirichlet problems
with variable exponent.

The presence of the term |u|P(*)~2y in the left-hand side of problem (1.3) is due to the
fact that the analysis is developed in the function space W1P(®)(Q) and not in W, 7™ ().
The reason for this choice is the same as in Example 4 of Brezis [2, Chapter VIIL.4]. The
analysis of the proof of Theorem 1 shows that the result remains true if the left-hand side of
problem (1.3) is replaced with

yu =+ a|ulP®) 2y,

—Bpa
where « is a real number such that the operator —A,)u + alu|P®=2y is coercive in
WP (Q), that is, there exists C' > 0 such that

[ (196P) + afup®) da > oy ),

where 0,(;)(u) is defined in relation (2.5).

The analysis developed in this paper can be extended in a nonsmooth multi-valued setting,
namely under weaker assumptions on the nonlinear boundary data f. This corresponds to
variational-hemivariational inequalities. We refer to Motreanu and Radulescu [9] for a related
inequality problem with boundary contribution.

We now raise some open problems in relationship with the study developed in this paper.
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Open problem 1. Problem (1.3) has been studied in the subcritical case, namely under the
basic assumption g(x) < p*(z) for all z € Q, which is crucial for the verification of the Palais-
Smale compactness condition. We consider that a very interesting research direction is to
study the same problem in the almost critical setting, hence under the following assumption:
there exists xg € €2 such that

q(x) < p*(z) for all z € Q\ {xo} and q(xo) = p*(x0). (3.13)

Of course, this hypothesis is not possible if the functions p and q are constant. We conjecture
that the result stated in Theorem 1 remains true under assumption (3.13).

Open problem 2. Inspired by the study developed in [11, Chapter 3.3], we propose to
study problem (1.3) if the p(z)-Laplace operator is replaced with an operator with several
variable exponents, for instance

div ((\vu\m@)*‘l + |vu|p2<f>*2)vu) .

Open problem 3. The main result of this paper establishes sufficient conditions for the
existence of a continuous spectrum in a neighbourhood of the origin. An interesting open
problem is to reconsider the Neumann problem (1.3) in order to find some circumstances
such that there is some A > 0 for which all A > A is an eigenvalue of problem (1.3). This
situation corresponds to a concentration of the spectrum at infinity and we conjecture that
the nonlinear term f should have a superlinear growth.

Open problem 4. We conjecture that the multiplicity result stated in Theorem 1 or related
properties are true if the p(z)-Laplace operator is replaced with a general class of Leray-Lions
type operators, as defined in [11, pp. 27-28]. We also refer to the pioneering paper by Leray
and Lions [7] for basic properties of these operators and some relevant applications.
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