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Abstract
Let G be a simple graph with vertex set V (G), and let Ind(G) denote the family of all
independent sets of G. The number d (X) = | X| — |[N(X)| is the difference of X C V (G),
and a set A € Ind(G) is critical whenever d(A) = max{d (I) : I € Ind(G)} [10].
In this paper we establish various relations between intersections and unions of all
critical independent sets of a bipartite graph in terms of its bipartition.
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1 Introduction

Throughout this paper G is a finite simple graph with vertex set V(G) and edge set E(G). If
X C V(G), then G[X] is the subgraph of G induced by X. The neighborhood of v € V (G)
is the set N(v) = {w : w € V(G) and vw € E(G)}. The neighborhood of A C V (G) is
NA) ={veV(G): Nv)ynA =0} Aset SCV(G) is independent if no two vertices from
S are adjacent; by Ind(G) we mean the family of all the independent sets of G. Let Q(G) be
the family of all maximum independent sets, and «(G) = max{|S]| : S € Ind(G)}. We denote
core(G) = {5 : 5 € QG)} [3], and corona(G) = J{S : S € Q(G)}. Let u(G) be the size of a
mazimum matching. For X C V(G), the number d(X) = | X| — |[N(X)| is the difference of X.
The critical difference d(G) is max{d(X) : X C V(G)}. An independent set A C V(G) with
d(A) = d(Q) is a critical independent set [10].
Theorem 1. [1] Each critical independent set is included in some S € Q (G).

Recall that if a(G) + u(G) = |[V(G)|, then G is a Konig-Egervdry graph. As a well-known
example, each bipartite graph is a Konig-Egervary graph.
Theorem 2. (i) /2, 5] G is a Kénig-Egervdry graph if and only if each of its mazimum inde-
pendent sets is critical.

(ii) [7] |corona(G)| + |core(G)| = 2 (G) holds for any Konig-Egervdry graph.

For a graph G, let ker(G) (diadem(G)) be the intersection (the union, respectively) of all

critical independent sets of G.

Theorem 3. (i) [4] Every graph G has a unique minimal independent critical set, namely,
ker(G), and ker(G) C core(G).
(i) /6] If G is a bipartite graph, then ker(G) = core(G).

In this paper we demonstrate some properties of ker(G) and diadem(G), in Konig-Egervary
graphs, with emphasis on bipartite graphs.
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2 Results

It is known that intersections and unions of critical sets are critical as well [4]. Consequently,
diadem(G) and ker(G) are critical for every graph. The sets corona(G) and core(G) are critical
for each Konig-Egervary graph, but not for all graphs. Moreover, we have the following.

Theorem 4. If G is a Konig-Egervdry graph, then
(i) diadem(G) = corona(G);
(i) |ker (G)] + |diadem (G)| < 20 (G).

Proof. (i) Every S € Q(G) is a critical set, by Theorem 2 (7). Hence we deduce that corona(G) C
diadem(G). On the other hand, for every graph each critical independent set is included in a
maximum independent set, in accordance with Theorem 1. Thus, we infer that diadem(G) C
corona(G). Consequently, the equality diadem(G) = corona(G) holds.

(i) It follows by combining Theorem 2 (%), part (i) and Theorem 3(%). d

Following Ore [8, 9], the number §(X) = d(X) = |X|—|N (X)] is the deficiency of X, where
X CAor X C Band G = (A, B,E) is a bipartite graph. Let §g(A) = max{§(X) : X C A}
and 0p(B) = max{§(Y) : Y C B}. A set X C A with §(X) = do(A) is A-critical, while Y C B
with §(B) = §o(B) is B-critical. For a bipartite graph G = (A, B, E) let us denote ker4(G) =
N{S: S is A-critical} and diadem 4 (G) = U{S : S is A-critical}; kerg(G) and diademp(G) are
defined similarly. It is convenient to define d () = §(0) = 0.

Theorem 5. Let G = (A, B, E) be a bipartite graph.
(i) [8] kera (G) N N (kerg (G)) = N (kera (G)) Nkerp (G) = 0;
(i) [9] If Y is a B-critical set, then kera (G)N N (Y) = N (kers (G))NY = 0.

As expected, there is a close relationship between critical independent sets and A-critical or
B-critical sets.

Theorem 6. [6] For a bipartite graph G = (A, B, E), the following are true:

(i) @ (G) = [A] + 0(B) = |B| + do(A) = 11 (G) + bo(A) + 60(B) = 1 (G) + d(G);

(ii) if X is A-critical and Y 1is B-critical, then X UY is a critical set;

(iil) 4f Z is a critical independent set, then ZNA is an A-critical set and ZNB is a B-critical
set.

Now we are ready to describe both ker and diadem of a bipartite graph in terms of its
bipartition.

Theorem 7. Let G = (A, B, E) be a bipartite graph. Then the following assertions are true:
(i) kera (G) U kerp (G) = ker (G);
(ii) |ker (G)| + |diadem (G)| = 2a (G);
(iii) |kera (G)| + |diademp (G)| = |kerp (G)| + |diadem 4 (G)| = o (G);
(iv) diademy (G)U diademp (G) = diadem (G).

Proof. (i) By Theorem 6 (%), ker 4 (G)U kerp (G) is critical in G. Moreover, the set ker4 (G)U
kerp (G) is independent in accordance with Theorem 5 (7). Assume that ker4 (G) U kerp (G) is
not minimal. Therefore, the unique minimal d-critical set of G, say Z, is a proper subset of
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ker4 (G)U kerp (G), by Theorem 3(7).
According to Theorem 6(iii), Z4 = ZN A is an A-critical set, which implies ker 4 (G) C Z4, and
similarly, kerpg (G) C Zp. Consequently, we get that ker 4 (G) U kerp (G) C Z, in contradiction
with the fact that

kers (G) Ukerg (G) # Z C keryg (G) Ukerp (G) .

(i), (iii), (iv) By Theorem 5 (i), we have
|ker 4 (G)| — 00(A) + |diademp (G)| = |N (kers (G))| + |diademp (G)| < |B|.

Thus, Theorem 6(i) implies |ker 4 (G)| + |diademp (G)| < |B| + Jp(4) = «(G). Changing the
roles of A and B, we obtain |kerp (G)|+|diadem 4 (G)| < o (G). By Theorem 6 (iii), diadem(G)N
A is A-critical and diadem(G) N B is B-critical. Hence diadem(G) N A C diademy (G) and
diadem(G) N B C diademp (G). It implies both the inclusion diadem (G) C diademy (G) U
diademp (G), and the inequality |diadem (G)| < |diademy (G)| 4 |diademp (G)|. Combining
Theorem 3 (i), Theorem 4(%),(ii), and part (i) with the above inequalities, we deduce

2a (GQ) > |kera (GQ)| + |kerp (G)| + |diadem 4 (G)| + |diademp (G)| >
> |ker (G)| + |diadem (G)| = |core (G)| + |corona (G)| = 2« (G) .

Consequently, we infer that

|diadem 4 (G)| 4 |diademp (G)| = |diadem (G)], |[ker (G)| + |diadem (G)| = 2 (G),
lker 4 (G)| + |diademp (G)| = |kerp (G)] + |diademy (G)| = a (G) .

Finally, based on the facts: diadem (G) C diademy (G) U diademp (G) and diademy (G) N
diadempg (G) = 0, we get diademy4 (G) U diademp (G) = diadem (G), as claimed. O

According to Theorem 4(i), the equality diadem(G) = corona(G) holds for every Konig-
Egervary graph. We propose the following.

Problem 1. Characterize graphs satisfying diadem(G) = corona(G).
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