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Inequalities for a polynomial with prescribed zeros

by
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Abstract

For a polynomial p(z) of degree n with a zero of order k(> 1) at S, it is
known that

M@w|§(n—k+1

k
!
max | o) e, PO,

lzl=1" (2 —
VsV s Yh_ki1 being the roots of 2" FH1 4 e (M=FtD — (0 with 4 =
arg 8 (7 = 0 for 8 = 0). By considering a polynomial p(z) of degree n with
zeros (1, B2, ..., Br we have obtained certain inequalities thereby giving a

refinement of the known result.
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1 Introduction and statement of results

Famous chemist Mendeleev [5] while making a study of the specific gravity
of a solution as a function of the percentage of the dissolved substance, obtained
a pretty mathematical result for polynomials of degree 2 and told it to contem-
porary famous mathematician A. A. Markov who [4] naturally investigated the
corresponding problem for polynomials of degree n and proved what has come to
be known as Markov’s Theorem:

Markov’s Theorem. If P(x) is a real polynomial of degree n and |P(x)| < 1
on [—1,1] then |P'(x)| < n? on [—1,1], with equality attainable only at £1 and
only when P(x) = £T,(z), where T,,(x) (the so called Chebyshev polynomial) is
cosncos ! .

After about 20 years S. Bernstein wanted, for applications in the theory of
approximation of functions by polynomials, the analogue of Markov’s theorem for
the unit disk in the complex plane instead of for the interval [—1,1]. He asked,
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if P(z) is a polynomial of degree n and |P(z)| < 1 for |z| < 1, how large can
|P'(z)| be for |z| < 1. Using maximum modulus principle we can say that he
asked, if P(z) is a polynomial of degree n and |P(z)| < 1 for |z| = 1, how large
can |P’(z)| be for |z] = 1. The answer [2] is that |P'(z)| < n for |z| = 1, with
equality attained for P(z) = z". Entire result can be restated as: If P(z) is a
polynomial of degree n such that max|.|—; [P(z)| < 1 then max,— |[P'(z)] <n
(i.e. max), =1 |P'(2)] £ nmax|,— [P(z)]). And this result itself has come to
be known as Bernstein’s Theorem. Bernstein’s theorem has been generalized in
many ways with applications in Theory of Approximation. Thinking similarly for
results with applications in Theory of Approximation by using Schwarz’s lemma
and its various implications Rahman and Mohammad [6] thought of obtaining a
bound for

p(z) being a polynomial of degree at most n, with max,—; |[p(z)| = 1 and p(a) = 0
for a fixed a on the unit circle and proved

Theorem A. If p(z) is a polynomial of degree n such that |p(z)| < 1 on the
unit circle and p(1) = 0 then for |z| <1

P,

n
< —.
-2

The example %(z" — 1) shows that the result is best possible.
Aziz [1] obtained a refinement of Theorem A and proved
Theorem B. Let p(z) be a polynomial of degree n such that p(8) = 0 where 8
is an arbitrary non-negative real number. If z1, za, ..., z, are the zeros of 2™ + 1
then
max | p(z)
lz]=1" 2 —

We [3] obtained the following generalization of Theorem B.

| < m 1r£1ia<xn ‘p(zz”

Theorem C. Let p(2) be a polynomial of degree n such that
p(z) = (z — ﬁ)kq(z)7 k> 1 and 8 is arbitrary.

Then () bt 1Nk
p(z (n —Kk+ ) '
<
PG e = UTapar ) 1B, P00l
where 1, Yy, -y Vy_pq1 0re the roots of
Zn—k—i—l + ei’y(n—k+1) =0
and

{argﬁ ,B#0,
1o B =0.
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In this paper we consider a polynomial p(z) of degree n with zeros 81, s, . . ., Bk
and prove certain inequalities which help us to obtain a refinement of
Theorem C. More precisely we prove

Theorem 1. Let p(z) be a polynomial of degree n such that
p(z) ={(z=B1)(z = Ba2) ... (2 — B) }a(z), k> 1. (1.1)
Further let

_ argﬁk a/Bk 7& 07
T 0 7Bk = Oa

with v§k), vgk), . ,v,(f) being the roots of
2 4 T = 0,
Then -
p(z
B+ - (T By X1t [P(v))]-
As the order of 31, 32,..., Bk is immaterial, we can obtain

Theorem 2. Let p(z) be a polynomial of degree n such that

p(z) ={(z = B)(z = B2) ... (z = Br) }a(2), k> 1.
Further for 1 < j <k let
{ a'rgﬁj 75]7&07
i 0 7/67 :O7

with vgj),véj) ,U,(,j) being the roots of

P

2" e =0.

Then for 1 <j <k

)
maX|§|:1ll(z(_m)(zng)_..(z_m)\ <
AFIB DA D) (A Maxi<i<n [p(v

ol
Using Theorem 2 we obtain

Corollary 1. Under the same hypotheses as in Theorem 2

p(2)
maX|§|=11\)(z(_gl)(zl_52>...<z_5k)| < "
n(n— Aln— . i
B HAD (AR Wit <<k (maxi<m<n [p(om)]).-
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Remark 1. For k = 1 Corollary 1 is Theorem C with k = 1 and is therefore
true.

Theorem 3. Let p(z) be a polynomial of degree n such that
p(z) = {(z = B1)(z = B2) ... (z = B) }a(2), k = 1. (1.2)
Further let v1,vs,...,vp_k41 be the Toots of
2R L1 =0
and for 1 < j <k let

1-8;
117\;i|2| v|5j|7é1;
2 ?ﬁj =1,
00, (with the 1851 =1 with 5; # 1.
understanding that for
such a possibility, the
expression
{1 ) maxi<acnn41 p(vs)]}
will also take the value o)

Then
p(z) :
—k+1) j) _m 5l
gﬁ}i‘(z—51)(2—52)...(2—5k)| (n <1;[ 1< k+1|p(v )
Theorem 4. Let p(z) be a polynomial of degree n such that
p(z) = {(z = B1)(z = B2) ... (= = Bi) }a(2), k> 1.
Further for 1 < j <k let
R arg B] 7ﬂj # 07
e 0 aﬁ] = 07
with tgj), tgj), . ,tgzkﬂ being the roots of
Zn—k+1 + ei(n—k+1)fyj -0
and for 1 <1<k, withl # j let
1 ’ ) 7Bl = 5]7
1B, et =5 —18. .
e e EAE=rat By # By with |Bi] # 1,
00, (with the understanding B # By with |5] = 1.

that for such a possibility,
the expression

(T, 7) maxicocaisr p(t9)]}
LF#j

will also take the value o)

7 =

(1.4)



Inequalities for a Polynomial 455

Then for 1 < j <k

max||=1 | (z—zal)(z]—gfazz))u;(z—ﬁk) = 4
Grepe LI Z T maxicacn-nn [p(9)]}.
L]
Using Theorem 4 we obtain
Corollary 2. Under the same hypotheses as in Theorem 4
p(z)

max|. | | G—B1)(z—B2).(z—Br) | <
{(m _

1 Tl(j)) Max1<s<n—k+1 |p(tgj))\}

, I#3
(n—k+ 1)’C m1n1§j5k< (1+B5 Dk >

On combining Corollary 1, Theorem 3 and Corollary 2 we obtain the following
refinement as well as a generalization of Theorem C with k& > 1.

Theorem 5. Let p(z) be a polynomial of degree n such that
p(2) = {( = B = Ba) . (2 — B)ba(e), K > 1.
Further let v1,vs,...,vp_k41 be the Toots of
M p1=0

and for 1 < j <k let

| ] 185 # 1,

% 7ﬁj =1,

oo, (with the understanding B85l =1 with B; # 1,
S = that for such a possibility,

the expression

{(Hle S;) maxi<s<pn—p+1 [P(vs)] }
will also take the value co)

R a'rgﬂj 75.] # 07
i 0 7/67 = 07

with v ,véj), . 711,(,j) being the roots of

(4)
1

2" 4 €™ = (),
tgj)7 tgj)7 . ,tglkﬂ being the roots of

=kl giln—k+1)y; _
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and for 1 <1 <k, withl # j let

1 " ) aﬁl = B]a
1—[By e’ 1-18, )

2| e |+ |2 By # By with |B1] # 1,

. 00, (with the understanding that B # By with |8 = 1.
Tl(-” = for such a possibility, the expression
{1}~ T maxicocnps [p(tS)]}
173
will also take the value o)

Then

p(2)
maxyz|=1 | =g gy Ay | <

n(n—1)...(n—k+1)

mnin | i e (. i<k (masi<msn [P0,

(n—Fk+ 1)k(H§:1Sj) maxi<s<n—k+1 |P(Vs)]

(H’Z _ Tz(j)) MaxX)<s<n—kt1 Ip(t9)))|
i L7 ]
(n —k + 1)* min; <j< { e .

And on combining Theorem 3 with £ = 1 and Corollary 1 for £ = 1 along with
Remark 1 we obtain the following refinement of Theorem C with k = 1.

Theorem 6. Let p(z) be a polynomial of degree n such that
p(z) = (2 = B1)q(2).

Let vy, vg,...,v, be the roots of
2"+1=0
and
1—
i 1B £ 1,
% a/81 =1,
S =4 (with the understanding 161 = 1 with 8y #1,

that for such a possibility,
the expression {S1 maxi<s<n |P(vs)|}
will also take the value o)

71{ argﬁl uﬂl#oa

0 7ﬁ1‘ 0)
1 1 1
§)7’U§) (1)

with v ,...,Un’ being the roots of

2"+ e = 0.
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Then

max | p(z)
lzl=1"2 — B

n
< ] - (1) .
I_Inm[1+¢5”1g5§ﬁhﬂvm)L nsygggzhﬂvdﬂ

Remark 2. For p(z) = (z — 1)%(z + 1)(z + 2) with
br=0=p0=1 k=2 andn =4,

the bound for
p(2)
iR ETE
is 20.7 by Theorem C and 11.7 by Theorem 5. And for p(z) = (2 + 100)(z + 1)?
with
k=1, 1 =08=-100 and n = 3,

the bound for

p(z)
max |
lz|l=1 z + 100

is 12 by Theorem C and 9.14 by Theorem 6.

2 Lemmas

For the proofs of the theorems we require the following lemmas.
Lemma 1. Let 21, 23,...,2, be the zeros of 2™ + 1. Then
- 1 n?
N P
This lemma is due to Aziz [1, relation 11].

Lemma 2. Under the same hypothesis as in Lemma 1

1 n
= _<Zi<i<n
-1 S22 ="="

Proof of Lemma 2. 1If follows easily from Lemma 1.

Lemma 3.

0

e —1 1-p
7l <2 5h
e —p 1— |5l

| Bl #1& —m <<

Proof of Lemma 3. It follows by using usual method for finding maximum
value of a function of one variable.
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Lemma 4. Let v and 6 be two complex numbers such that
7 # 5 and 5] # 1,
with
0 , v =0,

by = arg o ,0 £ 0,
2 0 ,0=0,

%_{a@v ;7 # 0,

and
¢ = 2 — ¢1.
Then )
1—|5]et®
1—16]2

1 — [y
1 — ]

‘61'07,)/
e —§

Proof of Lemma 4.

| <2|

|+ | [, —m<6<m.

|ew_’7| — ‘ ew)_"ﬂ
e —§ e — |4lei¢
1 — [d]e*®
1— 162

|a (¢=9—¢1),

1— ||
1— ]

IA

2|

|+
This completes the proof of Lemma 4.

3 Proofs of the theorems
Proof of Theorem 1. The polynomial
T1(2) = (2 = f1)q(2)
is of degree n — k + 1 and by Theorem C with k = 1 we have
Ti(2) n—k+1

max |¢(z)| = max |
=1

2| lzl=1 z — (1 14 81] 1<thi<n—k+1

with vgl), vél), e ,vf}ij being the roots of

Zn—k—i—l + ei')q(n—k-i—l) =0
and

_ argﬁl 361#07
=10 ,B1=0.

Further the polynomial

Ta(z) = (2— B2)T1(2),
(z = B1)(z = B2)q(2), (by (3.1)),

|, (by Lemma 3).

V. K. Jain

(3.1)

| < max _|Ti(vl")], (3.2)

(3.3)

(3.4)
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is of degree n — k + 2 and by Theorem C with k = 1 we have

T:
2(2) | S —k+2 ma
1+ 5| 1<l on kg2

T2 (0],

max |7} (z)| = max |

|z|=1 lz[=1"2 — B2

2 ) e

with v1™,v37, ..., v, "), » being the roots of

Zn7k+2 + ei'yQ(nfk+2) =0

and

_ argﬁZ a52 7é 07
= 0 7B2 =0.

Now as
=1, 1<l <n—k+1, (by (3.3)),

we can combine (3.2) and (3.5) and obtain

(n—k+1)n—k+2) (2)
max |q(z)| < T: .
|z|=1 |q< )| - (1+|51D(1+|62|) 1<l2<n k+2| 2( )|
We can now continue and obtain similarly
m—k+1)(n—k+2)(n—k+3)
max < ma T:
o < B A B 1B <t T
(with
T3(2) = (2 B3)Ta(2),
= (Z - 51)(’2 - B?)(Z - B3>Q(2)7 (by (34))7
vgg), 5 ), ceey 7(13)k+3 being the roots of
zn—k+3 + ei’y3(n—k+3) -0
and
— argﬂ:ﬁ 5/83 7& Oa )
3 0 7ﬂ3 = 07 ’
n—k+1)(n—k+2)...(n—k+k
ma q(2)] < ¢ X ).l ) Ti(0

|z|=1 (148D +182]) - (14 |Bk]) 1<l<n k+k

459

(3.5)

2N,

(3.6)

N, (3.7)
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(with

Ti(2) = (z = Br)Tk-1(2),
=(z—p1)(z = B2)... (2 — Br)q(z), (similar to (3.4) and (3.6))) (3.8)

Now Theorem 1 follows by using (1.1) and (3.8) in (3.7).
Proof of Theorem 3. 1If

for at least one j, 1 < j < k then Theorem 3 follows trivially. Therefore we now
assume that

Bl #1or B;=1,1<j <k
Further let
T(z) = (z—1)q(2).
Then by Theorem B with § =1
T(z) o n= kE+1

T . .
z— 1| - 2 155?33{k+1| (vs)l (39)

max lq(2)| = lrgg\
Now

1 b e —1
1T (vs)| = vy — 11 (H|”U 76,|)|p(’05)"
s j=1 Us '

which by Lemma 2, Lemma 3 and (1.3) implies that

k
|T(Us)| < 2(” —k+ 1)k_1(H Sj)|p(’l)5)|

j=1

and therefore by (1.2) and (3.9) we get

(2)
Maxz|=1 |(Z—/31)]£zf/32)-~(z—ﬁk)‘ <
(n—Fk+ 1)k(Hj:1 Sj) maxi<s<n—kt1 |P(Vs)]-

This completes the proof of Theorem 3.
Proof of Theorem 4. 1If

B # B; with |5;| = 1,

for at least one [, 1 <[ < k with [ # j then Theorem 4 follows trivially. Therefore
we now assume that

By =B or B # B; with |B)| #£1, 1 <1<k with I # j.

Further let
pi(2) = (2 = B))*q(2).
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Then by Theorem C

p;i(2) n—k+1 £()
_ . 3.10
et e = e 2 e < () e ) @10
Now
. k t(]) ﬂ .
it = TT =2 D)1,
=1 ts _Bl
1#3

which by Lemma 4 and (1.4) implies that

)< ( TT 79)b)
=1
L#]

and therefore by (3.10) and (1.1) we get

p(z
max|y|= 1|(z ﬁ1)(z ﬁ;) |<

n—=k k j
e (0 ) z(j)) maxy<o<n—ki1 [p(E)]}
L#7
This completes the proof of Theorem 4.
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