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A general form of the Second Main Theorem for hypersurfaces
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Abstract

We prove a general form of the Second Main Theorem for algebraically nondegener-
ate holomorphic mappings into a smooth complex projective variety intersecting arbitrary
hypersurfaces (rather than just the hypersurfaces in general position) and truncated mul-
tiplicities.
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1 Introduction and statements

Let f be a holomorphic mapping of C into CPY, with a reduced representation f = (fo : - :
fn). The characteristic function Ty (r) of f is defined by

1 27 )
Ty(r) = %/0 log ||f(7'el9)\|d0, where || f|| := max{| fol,-..,|f~]|}.

Let M be a positive integer or +00, and let v be a divisor on C. Set v[M(z) := min{v(z), M}.
The truncated counting function to level M of v is defined by

’ vMl(z
NIM(p) = / Z|Z|<tt()dt (1 <r<+00).
1

Let ¢ be a nonzero holomorphic function on C. Denote by v, be the zero divisor of ¢. Set
NSE,M] (r) = N,E?f] (r). For brevity we will omit the character [™! in the counting function and in
the divisor if M = +o0.

Let D be a hypersurface in CPY of degree d > 1. Let Q € Clxo, ...,z x| be the homogeneous
polynomial of degree d defining D. Set

1A - el

v = vg(py: N (D) i= Ny (1) and Ap(f) i=log 25

= Yoy Q)
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where ||@Q]| is the maximum of absolute values of the coefficients of Q.
Let V C CPY be a smooth complex projective variety of dimension n > 1. Let D1,..., D,
(V ¢ D), be hypersurfaces in CPN. We say that the hypersurfaces D1, ..., D, are in general
position in V' if for any distinct indices 1 < ji,...,75k < ¢q, (1 < k < n + 1) there exist
hypersurfaces S1,. .., Smy1-k) in CPY such that Djn---ND; NS1N---NSy1—pyNV = 2.
As usual, by the notation “||P” we mean the assertion P holds for all r € [1,400) excluding

a Borel subset E of (1, 4+00) with /dr < +o00.
E
In 1997, Vojta [5] established a general form of the Second Main Theorem.
Latter, Ru [3] generalized the result of Vojta to the case where intesection multiplicities are
truncated. He proved that.

Theorem A. Let f be a linearly nondegenerate holomorphic mapping of C into CP™ and let

{Hj}?zl be arbitrary hyperplanes in CP™. Let v and ¢ be increasing functions in RY with
70 < oo, and [ =00
e p(r) ’ e o) :

Then the inequality

o LT (1)
2 o(r)
holds for all r outside a set E with fE % < oo. Here K is the set of all subsets K C {1,...,q}
such that the hyperplanes H;, j € K are in general position, and W (f) is the Wronskian of f.

We would like to emphasize here that in the above theorem of Ru, the hyperplanes Hy, ..., H,
are not assumed to be in general position.

Recently, the Second Main Theorem has been established for holomorphic maps in a projec-
tive variety intersecting hypersurfaces by Ru [4], Dethloff -Tan-Thai [1]. In 2009, Ru [4] proved
that.

+0(1),

Theorem B. Let V. C CPY be a smooth complex projective variety of dimension n > 1.

Let f be an algebraically nondegenerate holomorphic mapping of C into V. Let Dy,...,D, be
hypersurfaces in CPN of degree d; in general position in V. Then for every € > 0,

[a=n—1-070) < 3 =N D))
g=1"7

We note that in Theorem B, the multiplicities of intersections are not truncated (all of them
are taken in to the account of counting functions). Motivated by the case of hyperplanes, in this
paper we generalize Theorem B to the case of arbitrary hypersurfaces, and the multiplicities
of intersections are truncated (the multiplicities are taken in to the account do not exceed a
common positive integer). In the case where hypersurfaces are in general position, from our
below theorem we get a slight improvement of Theorem B that mulitiplicities in the counting
functions are truncated by a positive integer. We will prove the following theorem.
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Theorem 1. Let V C CPY be a smooth complex projective variety of dimension n > 1. Let f
be an algebraically nondegenerate holomorphic mapping of C into V. Let D1, ...,Dy (V ¢ D;)
be arbitrary hypersurfaces in CP™ of degree d;. Then, for every € > 0, there exists a positive
integer M depending on €,d;,q,n,degV such that

2 N [ "d
H/ %’ézd )\Dj(f(re’e))%—i—/l Tt?gfé > %(upj(z)—ugvjﬂ(z))

JEK |zl<t )
<(n+1+4+€)Ty(r) (1.1)

where K is the set of all subsets K C {1,...,q} such that the hypersurfaces {D;, j € K} are
in general position in V.

The proof of our theorem consists of two parts: In the first parts (section 3 until inequality
(3.3)), by using the technique of Min Ru in [4], we approximate the first term of inequality
(1.1) by an integration of a summation of linear forms. In the second part (from (3.3)), we
apply the Hilbert weights to estimating the second term of (1.1) which gives a truncation for
intersection multiplicities. This technique is completed different from the one used in the case
of hyperplanes.

2 Some lemmas

Let X C CPY be a projective variety of dimension n and degree A. Let Ix be the prime

ideal in C[zo, ..., zy]| defining X. Denote by C[zg,...,zn]m the vector space of homogeneous

polynomials in Clxo, ...,z n] of degree m (including 0). Put Ix(m) := Clzo,...,zN]m N Ix.
The Hilbert function Hx of X is defined by

Hx(m) := dim Clxo, ..., zN]m,Ix(m).

For each tuple ¢ = (cp,...,cn) € RN+1, and m € N, we define the m-th Hilbert weight
Sx(m,c) of X with respect to c by

Hx(m
Sx(m,c) := max Z I; - c,

where I; = (Lo, ..., Iix) € NYT! and the maximum is taken over all sets {x P =l Al
whose residue classes modulo Ix(m) form a basis of the vector space C[zg,...,x N]m / I X( ).

Lemma 1 ([4], Lemma 3.2.). Let X C CPY be an algebraic variety of dimension n and degree

A. Let m > A be an integer and let ¢ = (cg,...,cN) € Rg&"l. Let {ig,...,in} be a subset of
{0,..., N} such that {x = (v¢: - :xy) ECPN 12y, = =z, =0} N X = @. Then
1 1 @2n+1)A
- - > 4 oy M e -
mHx (m) Sx(m,c) > (n+1) (€ip o+ i) m osien
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Lemma 2 ([2], Lemma 3.2.13). Let f be a linearly nondegenerate holomorphic mapping of C
into CPN with the reduced representation f = (fo: - : fn). Let W(f) = W (fo,..., fn) be the
Wronskian of f. Then

N
Vo in <Zm1n{uf N}.

w(f)

3 Proof of Theorem 1.

Let Q;, 1 < j < g, be homogeneous polynomials in Clzg,...,zn] of degree d; defining D,.
Denote by R the set of all subsets R C {1, ..., ¢} such that #R =n+1 and N;crD; NV = @.

Claim: If R # @ and d; = --- = dy := d, then for every ¢ > 0, there exists a positive integer
M depending on €,d, g, n,deg V, such that

H/zﬂmax Ap, (f(re ))ﬁ+ dt Z é(VDj(Z)*V%\j]( ))

ReR 27 1 t ReR
JER,|z|<t

<(n+14+¢)Ty(r). (3.1)

Since R # @, we have that NI_,D; NV = @. We define a map ® : V. — CP~" by &(z) =
(Qi(x) : -+ : Qq(x)). Then & is a finite morphism and Y := im® is a complex projective
subvariety of CP9~! and dimY = n and A := degY < d" - degV.

For a positive integer m, denote by {Iy,...,I,, } the set of all I, := (I;1,...,I;;)N§ with
Iiy + -+ Li; = m. We have ¢, := (‘H'm_l).

Let F be a holomorphic mapping of C into CP?»~! with the reduced representation F =
(Q{“(f) - élq(f) HERR Q{‘“"l(f) . -Qé“’"“(f)). Let P be the smallest sub-space in CP%n~!
containing ImF. Then by an argument as in [4], page 261, we have dim P = Hy(m) — 1. We
define hyperplanes H; (j = 1,...,¢m) in the complex projective space P by H; := {(z1
Zg) € CPIn=1: 2o =0} N P.

Denote by L the set of all subsets J of {1,...,¢m} such that #J = Hy(m) and the hy-
perplanes Hj,j € J, are in general position in P. Then £ is also the set of all subsets J of
{1,...,qn} such that {y%, j € J} (y = (y1,--..,¥q)) is a basis of Cly1, ...,y Iy (m).

Similarly to (3.19) in [4], for every z € C, we have

1
r}gg%mZ)\Dj(f(z)) <— mHy IEQZ(ZAH )) +dlog || f(2)||
JjER
~ Liogre + EEDE S (7)) + 0.

1<5<q
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Therefore, by Theorem A (for F and ¢ = 1), we have

o0 n+1 [T 0y 40
I g oo e g < s [ S A e g

+d(n+ DTy (r) = 22

n (2n + 1)(n+ nA

TF( )

Z (d- Ty(r) — N¢(r, D;)) + O(1)

1<j<q
<ot Zg;(%> D7) - %NW@) (r)
+d(n+ )T (r) — ”“TF( )
N (2n+1)(:rzl+1)qu Th(r) + O(1)
< LS TR ) = s Ny (1)
(4 )Ty (r) + GO EDAA L o), (3.2)

m

g Grilntdass o yyq tDd o e

For an arbitrary € > 0, we choose m such tha oy (m)

by (3.2) we get

| /O . maxz A, (F(re) 52 < ((n+ 1)+ S)T5(r) - %NW@)(T). (3.3)

RGR

For each J := {j1,...,ju, (m)} € L, then there exists a constant c; # 0 such that

I

W(F) = ey - WQP (1) QI (F),. . Q™ ™ (1) Qg ™ ™ (£).

On the other hand, by Lemma 2,

H —1
v I I, I 1 I < Z V[ I‘-’Em) ]I

J11 Jj1a Hy(m) Hy(m) Ji .Odia :
QT (M () (f)Qq (qf) 1<i< Hy (m) Q7 (f) Qg (f)
w (@1t ()@ (... JHY () o dy om) )

Hence, for all J € L, we have

Z [HY(m) 1]

) i I; 1; ) —
QM (N Qi (1) (@, ) A e (@ ()

> 3 Y lslvan —van” ) (3.4)

1<j<qied

YW (F) 2V
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For every z € C, let ¢, := (c1,z,...,¢q,2) Where ¢ . 1= vg,(5)(2) — V[QIj)(/f() m)— 1](2), Then, by

definition of the Hilbert weight, there exists J, € £ such that

(m,c,) Z I -c, = Z Z Lij (v, (p(2) églj?;) ™)= 1](z))_

i€J; 1<j<qi€J.

Then, by Lemma 1, for very R € R we have

(5 (m) 1]
mHy 72 2 Lulen (@ —rg, (" ()

1<J<q i€,

1 [Hy (m)—1]
2 ntl Z (VQj(f)( ) — QJ)(/f) (Z))

jER
(2n+1)A [Hy (m)—1]
T (e, () m g,y ()
1 [Hy (m)—1] 2n+ 1
> =2 (e, —vgp" () - > e,z
jER 1<j<q

Combining with (3.4), for every R € R and z € C, we have

1 1 [HY(m) 1]
Ty o e 2 551 2 (an(@) — v, ()

JER
2n+ IVAN
> oz
1<j<q
This implies that
ntl > JUHy (m)=1]
mHy (m ) W(F) %1637)2( (VQj(f) YQ,h) )
JER
~ (n+ 1)@+ 1)A Z ,
m : Q; ()
1<j<q

Therefore,

nil nat [Hy (m) 1)
w02 [T 3 Gen@ =)
J

7(n+1 )2n+1)A ZNfTD

1<5<q
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" dt [Hy (m)—1]
2 /1 —max Y (vo,n(2) — v, (2)

n+1)(2n 4+ 1)dgA
-t VR DAE S 1y - 0()
1<5<q
> [ E a3 (v, (2) — Ny - Sy
=), tRER P TV ) =gt
JER,|z|<t

Combining with (3.3) we get

2m T

o A0 dt Hy (m)—

| oo uteegs [ Tam 3 o040
0 JER 1 JER,|z|<t

< ((n+1)d+ €)Ty(r).

So, we get (3.1).

We now prove the theorem for the general case. Denote by K’ the set of all K € K
such that K does not contain any other set in K. For each K € K’, we choose hyperplanes
Hg 1y, - Hgnt1—#k) In CPY such that

(mDeKD) ﬂH(KJ) n--- ﬂH(K,n+1—#L) NV =g.
Set Q:={D1,...,Dq} U{H k), K € K',1 <i<n+1—4K}. Denote by d the least common
multiple of di, ..., d, and put df = . Set {D,..., Dy} := {(DY',.... Dy Y U{HE . K €

K')1 < i < n+1—#K}. Denote by R the set of all subsets R C {1,...,p} such that
#R=n+1and N, zD; NV = @. It is clear that for each K € K there exists Rx € R such

that {D}, j € K} C {D, i € Ry }.
We now apply (3.1) for hypersurfaces bvl, cee bvp, and get that

2 T
1 oy a0 dt 1 [M)]
| / gg;é;(d—jmﬂre Do + / T > () =)

m 1 ov . dO " dt 1
< N WYy 2 = E (v ae(2) — M
o /o Kex €K Apss (e ))271' + /1 Kex d (VD J () = v (2))

Kezcj d b’ t KEKjeK,|z|<t j D’
2m r
o df dt 1
< / max )\Dv(f(rew))f —|—/ — max (va(z) - VW](Z))
0 ReR 2 1t ReR ER,|z|<t d ’ P

where the positive integer M depends on ¢, d, g, n,deg V. This completes the proof of Theorem
1. O
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