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On the existence of solutions for a Fredholm-type integral inclusion
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Abstract

We consider an integral inclusion of Fredholm type and we obtain several existence
results by using suitable fixed point theorems.
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1 Introduction

This paper is concerned with the following integral inclusion

x(t) = A(t) +/0 G(t, s)u(s)ds, (1.1)

u(t) € F(t,z(t)), a.e. (I), (1.2)

where I = [0,T], A\(.): I = X, F(.,.): I x X - P(X), G(.,.): I x I - R, are given mappings
and X is a separable Banach space.

In the last years we observe a remarkable amount of interest in the study of existence of
solutions of several boundary value problems associated to differential inclusions of the form

Dz € F(t, ), (1.3)

where D is a differential operator and F(.,.) : I x X — P(X) is a set-valued map ([1-5,8,13]
etc.). Most of these existence results are obtained using fixed point techniques and are based on
an integral form of the right inverse to the operator D. This means that for every f the unique
solution y of the equation Dy = f can be written in the form y = Rf, where the operator
R posses nonnegative Green’s function. Therefore, the existence of solutions to problem (1.3)
together with boundary conditions reduces to the existence of solutions to problem (1.1)-(1.2).

The aim of this paper is to provide two existence results for problem (1.1)-(1.2), when the
set-valued map F'(.,.) has convex or nonconvex values. Our results are essentially based on
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a nonlinear alternative of Leray-Schauder type and on Bressan-Colombo selection theorem for
lower semicontinuous set-valued maps with decomposable values. In this way we extend and
unify some of the results mentioned above. More exactly, the main results in all papers cited
above become consequences of our Theorems 3.2 and 3.4 below.

We note that another existence result for problem (1.1)-(1.2) in the case when F'(t,.) is
Lipschitz with nonconvex values, is obtain in our previous paper [7] by the application of the
set-valued contraction principle due to Covitz and Nadler.

The paper is organized as follows: in Section 2 we recall some preliminary facts that we
need in the sequel and in Section 3 we prove our main results.

2 Preliminaries

In this section we sum up some basic facts that we are going to use later.

Let (X, d) be a metric space with the corresponding norm [.| and let I = [0,7T]. Denote by
L(I) the o-algebra of all Lebesgue measurable subsets of T, by P(X) the family of all nonempty
subsets of X and by B(X) the family of all Borel subsets of X. If A C I then x4(.) : I — {0,1}

denotes the characteristic function of A. For any subset A C X we denote by A the closure of
A.

Recall that the Pompeiu-Hausdorfl distance of the closed subsets A, B C X is defined
by dpy(A, B) = max{d*(4, B),d*(B,A)}, d*(A,B) = sup{d(a, B);a € A}, where d(z,B) =
infyep d(z,y).

As usual, we denote by C(I, X) the Banach space of all continuous functions z(.) : I — X
endowed with the norm |z(.)|c = sup,¢;|z(¢)| and by L' (I, X) the Banach space of all (Bochner)
integrable functions z(.) : I — X endowed with the norm [z(.)[y = [, |2(t)|dt.

A subset D C LY(I,X) is said to be decomposable if for any u(-),v(-) € D and any subset
A € L(I) one has uxa + vxp € D, where B = I'\ A.

Consider T : X — P(X) a set-valued map. A point x € X is called a fixed point for T'(.) if
x € T(x). T(.) is said to be bounded on bounded sets if T(B) := U,epT(x) is a bounded subset
of X for all bounded sets B in X. T'(.) is said to be compact if T'(B) is relatively compact for
any bounded sets B in X. T'(.) is said to be totally compact if T'(X) is a compact subset of X.
T(.) is said to be upper semicontinuous if for any open set D C X, the set {z € X;T(z) C D}
is open in X. T(.) is called completely continuous if it is upper semicontinuous and totally
bounded on X.

It is well known that a compact set-valued map 7'(.) with nonempty compact values is upper
semicontinuous if and only if 7'(.) has a closed graph.

In Theorem 9 in [11], O’ Regan proved a nonlinear alternative of Leray-Schauder type.
Namely, if D and D are open and closed subsets in a normed linear space X such that 0 € D
and if T : D — P(X) is a completely continuous set-valued map with compact convex values,
then either the inclusion x € T'(z) has a solution, or there exists z € 9D (the boundary of D)
such that A\x € T'(z) for some A > 1.

Obviously, the next two statements are consequences of this result.

Corollary 2.1 Let B,(0) and B,(0) be the open and closed balls in a normed linear space X
centered at the origin and of radius r and let T : B.(0) — P(X) be a completely continuous
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set-valued map with compact convex values. Then either
i) the inclusion x € T(x) has a solution, or
ii) there exists x € X with |x| =r and A\x € T'(z) for some A > 1.

Corollary 2.2 Let B,.(0) and B,(0) be the open and closed balls in a normed linear space X
centered at the origin and of radius v and let T : B,.(0) = X be a completely continuous single
valued map with compact convexr values. Then either

i) the equation x = T(x) has a solution, or

ii) there exists x € X with |x| =71 and x = A\T'(z) for some A < 1.

We recall that a multifunction 7'(.) : X — P(X) is said to be lower semicontinuous if for
any closed subset C' C X, the subset {s € X;G(s) C C}isclosed. If F(.,.): I x X — P(X) is
a set-valued map with compact values and z(.) € C(I, X) we define

Sp(z):={f € L"(I,X); f(t)€ F(tz(t) ae. (I)}.

We say that F(.,.) is of lower semicontinuous type if Sp(.) is lower semicontinuous with closed
and decomposable values. A set-valued map G : I — P(X) with nonempty compact convex
values is said to be measurable if for any x € X the function ¢t — d(z, G(t)) is measurable. A
set-valued map F'(.,.) : IxX — P(X) is said to be Carathéodoryif t — F(t, z) is measurable for
any z € X and x — F(t,z) is upper semicontinuous for almost all t € I. F(.,.) is said to be L!-
Carathéodory if for any [ > 0 there exists hy(.) € L' (I, R) such that sup{|v|;v € F(¢t,2)} < hy(t)
a.e. (I), Vz € B;(0).

Finally, by a solution of problem (1.1)-(1.2) we mean a function z(.) € C(I, X) for which
there exists u(.) € L'(I, X) such that (1.1)-(1.2) are satisfied.

3 The main results
We consider first the case when F'(.,.) is convex valued.

Hypothesis 3.1 i) F(.,.) : I x X — P(X) has nonempty compact convex values and is
Carathéodory.

ii) There exist o(.) € L'(I,R) with p(t) > 0 a.e. (I) and there exists a nondecreasing
function 1 : [0,00) — (0,00) such that

sup{|v|; veFtx)} <et)(z)) ae (I), VrelX.

iii) The mappings A(.) : I — X and G(.,.) : I x I = R are continuous.
Denote G := sup, ¢ |G(t, s)|.

Theorem 3.2 Assume that Hypothesis 3.1 is satisfied and there exists v > 0 such that

r > Golp|1(r). (3.1)

Then problem (1.1)-(1.2) has at least one solution x(.) such that |x(.)|c < .
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Proof: Let » > 0 be as in (3.1) and consider the set-valued map 7 : B,.(0) — P(C(I, X))
defined by

T(w) = {v(.) € C(I, X): v /Gts $)ds, f € S(a)}. (3.2)

We show that T'(.) satisfies the hypotheses of Corollary 2.1.
First, we show that T(x) C C(I, X) is convex for any z € C(I, X).
If v1,ve € T(x) then there exist fi, fo € Sr(x) such that for any ¢ € T one has

T
vi(t) = A1) + /0 G(t,s)fi(s)ds, i=1,2.

Let 0 < a < 1. Then for any t € I we have

T
(av + (1 = a)ua)(t) = A(?) +/O G(t, s)[afi(s) + (1 — @) fa(s)]ds

The values of F(.,.) are convex, thus Sr(z) is a convex set and hence ah; +(1—a)hs € T(z).
Secondly, we show that T'(.) is bounded on bounded sets of C(I, X).
Let B C C(I, X) be a bounded set. Then there exist m >0 such that |as|c <mVz e B.

If v € T'(z) there exists f € Sp(x) such that v( )+ fo
ds. One may write for any t € T

T

T
()] < [A®)] +/0 |Gt 8)][f(s)]ds < [A@)] +/O |G(t,8)|p(s)P(|2(t)])ds

and therefore
[vle < [Ae + Golelhiyp(m) Vv € T'(x),
i.e., T(B) is bounded.
We show next that 7'(.) maps bounded sets into equi-continuous sets.
Let B C C(I,X) be a bounded Set as before and v € T(z) for some x € B. There exists

f € Sp(z) such that v( )+ fo s)ds. Then for any ¢, 7 € I we have

T
|v(t)—v(7')\§\/0 Glt,s)f ds—/ G(r,5)f(s)ds| <

< sup |G(t,s) — G(7,8)|.|¢l1tp(m).

Let us note that
lim max|G(t,s) — G(1,8)| =0 (3.3)

t—tau sel

Assume by contrary that there exists g > 0, t,,, = 7, S, € I such that €9 < |G(tm, Sm) —
G(7,8m)|. Since I is compact we may assume that s,, — so € I as m — oco. Therefore,

€0 < |G(tm, sm) — G(7, 8m)| < |G(tm, $m) — G(7, 80)| + |G(T, 80) — G(T, 8m)|-
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We take m — oo and by the continuity of G(.,.) we get a contradiction.

It follows that |v(t) — v(7)] — 0 as t — 7. Therefore, T(B) is an equi-continuous set in
C(I, X).

We apply now Arzela-Ascoli’s theorem we deduce that T'(.) is completely continuous on
c(I,X).

In the next step of the proof we prove that T'(.) has a closed graph.

Let x, € C(I,X) be a sequence such that z,, — z* and v, € T(z,) Vn € N such that
vp, — v*. We prove that v* € T'(z*).

Since vy, € T(xy,), there exists f, € Sp(z,) such that v, () = A(t) + fOT G(t,s)
fn(s)ds.

DefineI' : L}(I, X) — C(I, X) by (T(f))(t) := )\(t)—i—fOT G(t,s)f(s)ds. One has max;e |v,, (t)—
v*(t)| = |vn() —v*()]c = 0 as n —

It follows (e.g., [10]) that T' o SF has closed graph and from the definition of T" we get
v, € T'o Sp(x,). Since z, — x*, v, — v* it follows the existence of f* € Sg(z*) such that
vt () = A(t) + [y G(t,8)f*(s)ds.

Therefore, T'(.) is upper semicontinuous and compact on B,.(0). We apply Corollary 2.1 to
deduce that either i) the inclusion = € T'(z) has a solution in B,(0), or ii) there exists z € X
with |z|¢ = r and Az € T'(x) for some A > 1.

Assume that ii) is true. With the same arguments as in the second step of our proof we get
r = |z(.)|e < Golpl1¥(r) which contradicts (3.1). Hence only i) is valid and theorem is proved.
0

We consider now the case when F(.,.) is not necessarily convex valued. Our existence result
in this case is based on the Leray-Schauder alternative for single valued maps and on Bressan
Colombo selection theorem.

Hypothesis 3.31) F(.,.) : IxX — P(X) has compact values, F(.,.) is L(I)®@B(X) measurable
and x — F(t,x) is lower semicontinuous for almost allt € 1.

ii) There exist ¢(.) € L'(I,R) with p(t) > 0 a.e. (I) and there ezists a nondecreasing
function 1 : [0,00) — (0,00) such that

sup{|v|; veFtx)} <e®)(z)) ae (I), VrelX.
iii) The mappings A(.) : I — X and G(.,.) : I x I — R are continuous.
Theorem 3.4 Assume that Hypothesis 3.3 is satisfied and there exists v > 0 such that condition
(3.1) is satisfied.
Then problem (1.1)-(1.2) has at least one solution on I.
Proof: We note first that if Hypothesis 3.3 is satisfied then F(.,.) is of lower semicontinuous

type (e.g., [9]). Therefore, with Bressan-Colombo selection theorem ([6]) we deduce that there
exists f(.): C(I,X) — L*(I, X) such that f(z) € Sp(x) Vz € C(I, X).
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We consider the corresponding problem

in the space C(I, X).
Let » > 0 that satisfies condition (3.1) and define the set-valued map T : B.(0) —
P(C(I,X)) by

T
T@)® = A0+ [ Glt.)f(a(s))ds.
0
Obviously, the integral equation (3.4) is equivalent with the operator equation
x(t) = (T(x))(t), tel. (3.5)

It remains to show that 7'(.) satisfies the hypotheses of Corollary 2.2.
We show that T'(.) is continuous on B,(0). From Hypotheses 3.3. ii) we have

[f (@) < e®)(jz(®)])  ae. (I)

for all z(.) € C(I,X). Let x,,,z € B,(0) such that z,, = . Then
[f(zn(®)] < @t)(r)  a.e. ().

From Lebesgue’s dominated convergence theorem and the continuity of f(.) we obtain, for
allt eI

T
lim (T'(z,))(t) = lim (A(t) +/O G(t,s)f(zn(s))ds) =

n—oo n—oo

— () + / G(t, 5) [ (x(s))ds = (T(x))(t),

i.e., T(.) is continuous on B, (0).

Repeating the arguments in the proof of Theorem 3.2 with corresponding modifications
it follows that T'(.) is compact on B,.(0). We apply Corollary 2.2 and we find that either i)
the equation © = T'(z) has a solution in B,(0), or ii) there exists * € X with |z|c = r and
x = AT'(x) for some A < 1.

As in the proof of Theorem 3.2 if the statement ii) holds true, then we obtain a contradiction
to (3.1). Thus only the statement i) is true and problem (1.1) has a solution z(.) € C(I, X)
with |z(.)|c <. 0

Remark 3.5 Similar results to the ones in Theorems 3.2 and 3.4 may be obtained if instead
of Fredholm type integral inclusions we consider Volterra type integral inclusions of the form

x(t):)\(t)+/0 Gt syu(s)ds, u(t) € F(t,z(t), ae. (I).
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