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Abstract

We prove that a discrete evolution family
U={U(m,n)}tm>nez,

of bounded linear operators acting on a complex Banach space X is uniformly exponentially
stable if and only if it is admissible in respect to the pair (coo(Z+, X), coo(Z+, X)), (i. e. the

sequence n — »_ U(n, k) fr : Z+ — X belongs to coo(Z4,X) for each (fx) € coo(Z+,X)).
k=0

The approach is based on the theory of discrete evolution semigroups associated to such
families.
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1 Introduction

The study of the asymptotic behavior of the non-autonomous discrete systems z,11 = Az,
or Ypt1 = ApYn + frn is much more difficult than the corresponding study of the autonomous
ones. For the systems in latter case there are a lot of spectral criteria which characterizes
different types of stability (or other types of asymptotic behavior) of their solutions. However,
only in some particular cases (for example in the case when the coefficients are periodic) such
criteria work (partially) for time periodic systems. New difficulties appear in the study of the
inhomogeneous systems, especially because the part of the solution generated by the forced
term (f,), i. e. > p_, U(n, k)fk, is not a convolution in the classical sense. These difficulties
may by passed by using the so called evolution semigroups. Having in mind the well known
results in the continuous case, see for example [6],[3], [4] and [7], we can say that this method is
a very efficient one. Mention however, that is not very easy to apply such method. For example,
even when the coefficients of the non-autonomous system are complex scalars, the elements of
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the associated evolution semigroup act in an infinite dimensional space. Here we develop the
theory of discrete evolution semigroups on some spaces of bounded sequences. Results of this
type in the continuous case may found in [5], [1], [2] and the references therein. However, by
contrast with the continuous case, we didn’t find in the existent literature papers written in
the spirit of the present paper refereing to discrete evolution semigroups. Such results could be
new and useful for people whose area of research is restricted to the difference equations.

2 Notations and Preliminary Results

Let X be a complex Banach space and let £(X) be the Banach algebra of all linear and bounded
operators acting on X. The norms in X and in £(X) will be denoted by the same symbol || - ||
Let Z be the set of all integer numbers and let Z the set of all nonnegative integers. By
co0(Z4., X) will denote the set of all X-valued sequences defined on Z, which decays at 0 and
at 0o. Also, coo(Z, X) is defined as the set of all X-valued sequences which decay at infinities.
Clearly these spaces became Banach spaces if endow them by the "sup” norm. Let Y be a
Banach space. A family T = {T'(j)};ez, of bounded linear operators acting on Y is called
discrete semigroups if T(0) = I (I being the identity operator on Y') and T'(k+j) = T (k) oT(j)
for all k,j € Zy. Clearly for each j € Z, have that T(j) = T'(1)?. We call T(1) the algebraic
generator of the semigroup T. Having in mind the notion of infinitesimal generator for a strongly
continuous semigroup, we define the ”infinitesimal generator” for a discrete semigroup as being
G :=T(1) — I. The Taylor formula of order one for discrete semigroups may be written as:

j—1

TG)f—f=Y T(k)Gf Vj€Zy,j>1, feY. (2.1)

k=0

In fact,

S TG = ST+ 1) - TR =TG)f —
k=0 k=0

Let J € {Z,Z,}. A discrete evolution family on the Banach space X is a family of two
parameters Uy := {U(n,m) : n > m € J}, having the properties: U(m,m) = I and
U(m,n) = U(m,p)U(p,n) for any m > p > n € J. Here I is the identity operator on X.
Such family has exponential growth if there exist two real constants M and w, such that

U, m)|| < Mexp(w(n—m)) foraln>me.l

Clearly M > 1 and w may be chosen a positive real number. By contrast with the semigroup
case, the exponential growth condition is not automatically verified for discrete evolution fam-
ilies. For any operator A acting on X we denote by p(A) its resolvent set, i.e. the set of all
complex scalars z for which zI — A is an invertible operator in £(X). By 0(A) := C\ p(A) we
denote the spectrum of the operator A. The spectral radius of A, denoted by r(A), is defined
by 7(A) :=sup{|z| : z € 0(A)}. It is well known that

_ n||x
P(A) = Tim (472,

As a consequence, a discrete semigroup {7'(j)} is uniformly exponentially stable if and only if
the spectral radius of T'(1) is less than 1.



Uniform exponential stability 195

3 Evolution semigroups and uniform exponential stability for evolution families
on7Z;.

Let U = {U(m,n) : m > n > 0} be a discrete evolution family of bounded linear operators
acting on a Banach space X having exponential growth. For each j € Z_, the linear operator
given by

(T(j)f)(n) = { Ulnn =S =g), foralln 2.

is well defined and acts on Y := c¢po(Z4,X). Moreover it is a bounded operator on Y and
T () cevy £ Mexp(wj). The family T = {T'(j)};ez, is called the evolution semigroup as-
sociated to U on cpo(Z4,X). The following Lemma is the key tool in the proof of the main
result of this section. It connects the ”infinitesimal generator” of the evolution semigroup and
a non-homogeneous discrete Cauchy Problem leading to the evolution family.

Lemma 3.1. Let T = {T(j)}jez, be the evolution semigroup associated to the discrete evolu-
tion family U on the space coo(Z, X) and let z, f € coo(Z4,X). The following two statements
are equivalent:

o (i) Gx=—.
o (ii) 2(j) = S0 _o U(j. k) f (k) for j € L.

Proof: (i) = (ii) For j = 0 the assertion is obvious. Let j € Z,,j > 1. From (2.1) follows:

j—1 j—1
T(j)z—z=>» T(k)Gx=—-> T(k)f.
k=0 k=0
By applying both sides to j, obtain:
j—1
z(j) = TG)x))+ T(’f)f) ()
k=0
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(ii) = (i) Let n > 1. Successively one has:

(Gz)(n) = [(T(1) - Dz](n)
= n,n—Lz(n—1) —x(n)
n—1

Lemma 3.2. Let U be a discrete evolution family of bounded linear operators acting on a
Banach space X having exponential growth. If there exists a positive constant ¢ such that

(n—=J+DIU(n,j)l <c foralln=j=0 (3.1)
then there exist two positive constants K and v such that
|U(n,j)|| < Ke ™9 foralln>j>0, (3.2)

that is, the family is uniformly exponentially stable.

Proof: Let N > 1 be an integer number such that n_§,+1 < % for all n — j > N. From (3.1),
we get:

1
U (n, )] < 5 foralln > N + j.

Let m be the integer part of % € Z,. Then m > 1 and n may be represented as n =

j+mN + pN, with p € [0,1). Thus
U(n,j)=U({F+ Nm+ pN,j+ Nm)U(j+ Nm,j).
By using exponential growth property, we get
1U(n, )| < MeM|[U(j + Nm, ). (3.3)
On the other hand, using the evolution property, we may write
UG+ Nm,j)=U(G+Nm,j+Nm—-1)U(G+N(m—1),j +N(m—2))---U(j+ N,Jj)

and hence 1
UG+ Nm, )l < 5 (3.9
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By combining (3.3) and (3.4) we get:
. 1 wN wN 1 —v(n—j)
||U(n,j)” S27mM€ SM@ 5 = Ke J 5

where K = 2Me“N and v = IHWQ O

Theorem 3.3. Let U = {U(n,m)}n>m>0 be a discrete evolution family of bounded linear
operators acting on a complex Banach space X having exponential growth. Let’s consider the

map gu,r given by
Gus (n) =Y U k) f (), f € coo(Zy, X).
k=0

If for each f belonging to coo(Z4,X) have that gy ; belongs to coo(Z4,X) then the family U is
uniformly exponentially stable.

Proof: We give the proof in three steps.
Step 1: Let us consider the linear operator

K : Coo(Z+,X) — Coo(Z+,X)
defined by
(KF)(n) = qus(n) neZe, feco(ZsX).

We prove that the operator K is bounded. In view of the Closed Graph Theorem it is enough
to prove that the operator K is closed. For this purpose, let us choose fj, f,g9 € coo(Z4,X) ,
j € Z4 such that

fi—=f (asj— o0)in co(Zs+,X)

and
Kf; =g (asj— o0)inco(Zy,X).

Since f; — f in coo(Z4, X), the X-valued sequence {f;(k)}32, converges, for each k € Z, to
f(k). By using the continuity of the operators U(n, k) we also get:

lim (K f;)(n) = (K f)(n), foreachneZ,.

J—00

On the other hand (K f;)(n) — g(n) (asj — oo) for each fixed n € Z; and thus Kf = g.
The continuity of the operator K assures the existence of a constant ¢ > 0 such that

| K ooz, x) < ¢ for all f & coo(Zy, X) with || f]| < 1. (3.5)

Step 2: We prove that the family ¢/ is uniformly bounded. We put U(n,m) = 0 whenever
n<m. Let j €Z,,j>1, and let f; defined by

fi(k) =1 (B)U(k, j)b, be X, bl <1
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As is usually by 1g we denote the characteristic function of the non-empty set S. Clearly
fi € coo(Zy, X) and || fllc(z,x) = [0l £ 1. Then (3.5) provides

¢ 2 K filleoozy,x) = (K f5) ()| = 1U(n, 5)oll, n=j=1.
On the other hand
[U(n, 0)[| = [|U(n, YU(L,0)[| < [|U(n, DII[|U(L,0)]| < c||U(L,0)]].
Finally, we may write:

sup [|U(n,j)|| < e1 < oo where ¢1 = maz{c, c[|U(1,0)|},

n>5>0

that is, the family ¢/ is uniformly bounded. Moreover, for each fixed j > 1 and all b € X with
[1b]] <1 have that U(n, j)b — 0 (as n — oo0). This happens because |U(n, j)b|| = ||(K f;)(n)]| —
0, as n — oo and taking into account that K f; € coo(Z4, X).

Step 3: We prove that

sup [(n —j+D)[[U(n, )] = ez < oo
n=j20

Let us consider j > 1 and h;(k) := il{j,...,n}(k)U(k,j)b. Obviously h; belongs to coo(Z4,X)
and [|7 ]| oz, x) < 1 because [|[U(n, j)|| < c1 and |[b]| < 1. Using again (3.5) we get: [[Kh;(n)| <
1K R lleoo (24, x) < ¢ On the other hand

(KR)m) = > U)oy (U D (35
k=0

= 2 Uib=—(n—j+)U(n, )b (3.7)
k=j

and thus (n —j + 1)||U(n, 5)b|| < ccy for all n > j > 1. Moreover

(n+DIUMR,0)[ = (n+D[Un,HUL0)] < (n+ DU, UL, 0)]]
n+1

= n

1U(n, DINU A, 0)]| < 2cer[U(L,0)]]-

Hence e
U N < ———
[V < o=

for all n > j > 0, where co = max{ce1,2cc1||U(1,0)||}. The assertion follows now by Lemma
3.2.
O

Theorem 3.4. The following four statements are equivalent.
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(i) The family U is uniformly exponentially stable.

(ii) The evolution semigroup T associated to the family U on coo(Z4,X) is uniformly
exponentially stable.

(iii) The "infinitesimal generator” T(1) — I of T is invertible.

(iv) For each f € coo(Z4,X) have that gu,r € coo(Z4,X).

Proof: (i)=-(ii). It is obvious.

(ii)=-(iii). It is well known that the semigroup T is uniformly exponentially stable if and
only if 7(T'(1)) < 1. Then the assumption assure that 1 € p(T'(1)) and so T'(1) — I is invertible.

(iii)=(iv). Let T(1) — I be invertible. Then for each f € coo(Z, X) there exists a unique
u € coo(Z+,X) such that [T'(1) — [Ju = — f. From Lemma 3.1 this is equivalent to the fact that
u(j) = j o UG k) f(k) for all j € Zy,i. e. gu,f € coo(Zy4,X).

(1v):>(1) Follows from Theorem 3.3. 0

Theorem 3.5. Let U = {U(n,m) : n >m > 0} be a discrete evolution family having exponen-
tial growth and let T = {T(j)};>0 be the evolution semigroup associated to U on coo(Z4,X)
having Go = T(1) — I as infinitesimal generator. The following two statements hold true:

o (i) o(T(1) = {z € C: 2] < r(T(1)}.
o (ii) 0(Go) = o(T(1)) — 1.

Proof: We prove (i) in two steps.
Step 1. Consider the case when T is uniformly exponentially stable. First we prove that if
A € p(T(1)) then p € p(T(1)) for all || > |A|. For this to be end let us consider a new evolution

family defined by
Ux(n,m) = A~=™U(n,m).

Its associated evolution semigroup on the space coo(Z4, X) is
TA(j) = A7T().

Then 1 € p(Th(1)) if and only if A € p(T'(1)). As a consequence, the assumption is equivalent
with uniform exponential stability of the family {Ux(n,m) : n > m > 0} (say with the constants
N and v). Now, if |u| > ||, then

Up(nym) = p "~ m)U(n m) (3-8)

- ( ) (=" (n,m) (3.9)
-

U (n,m)|| < Ne=""=™) for all n > m.

=I>

)n (n,m). (3.10)

=I>

It follows
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Since the family {U,,(n, m)} is uniformly exponentially stable its associated evolution semigroup
T,, is uniformly exponentially stable as well. Then the infinitesimal generator p~*T'(1) — I is
an invertible operator, i. e. T'(1) — pf is invertible, which provides p € p(T'(1)).

Step 2: Here we analyze the case when the evolution semigroup {7T'(j)};>0 is not uniformly
exponentially stable. Let w € R such that ||T(j)|| < e*’ for all j € Z, . Define

S(j) = e T(j)

for a given v > w. Then ||S(j)|| < e~ for all j € Z, i. e. the semigroup {S(j)} is uniformly
exponentially stable. Let A € p(T'(1)) and let 1 be a complex number such that |p| > |A|.
Clearly e T(1) — Xe™¥I is invertible, i. e. S(1) — Ae "I is invertible. Thus Xe™" € p(S(1))
and |pue™"| > |Ae~"|. The previous step assures that pue™" € p(S(1)). Hence u € p(T'(1)).

Now we prove our required result. Let A € C such that |A\| < r(T'(1)). Suppose for a
contradiction that A € p(T'(1)). Then, as stated before, all complex numbers p with [u| > |A|
belong to p(T'(1)). Thus only the complex numbers w having modulus less than |A| may be
in o(T(1)). This shows that |[A] > r(T'(1)) which is a contradiction. Hence if z € C is such
that |z| < 7(T(1)) then z € o(T(1)). But o(T(1)) is a closed set, so o(T(1)) = {z € C: |z]| <
T},

(ii) The Spectral Mapping Theorem says that if f : C — C is an analytic function and A € £(X)
then o(f(A)) = f(o(A)), where by f(c(A)) we denote the set{f(z) : z € o(A)}. For our purpose
set z — f(z) = z—1, which is an analytic function and f(A) = A—-I,s00(A—I)=0(A)—1=
{z—=1:2z€0(A)}. d

In as follows we give a concrete example of operator whose spectrum is the closed unit disk.

Example 3.6. Let us consider the Banach space X := C and consider the discrete evolu-
tion family U defined by U(n,m)x = ’;}Tﬂlx for all x € C and for alln > m > 0. Clearly

[UMm,m)|| <1 for alln > m > 0. In particular, the family U is uniformly bounded. Let
{T(j)}jez,. be the evolution semigroup associated to the family U on coo(Z4,C). Let’s consider
[i(k) =1 (R)U(k, j)b,be C,j > 1,k € Zy,[b| = 1, and let v € Z, be fized. Then

. . . j+1

TW)f; - b= I
(T@) )G +v)=U0G+v,5) T

This shows that |T(v)f;|l = 1(asj — o0) and so |T(v)|| = 1. Thus r(T(1)) = 1 and by
Theorem 3.5 follows that o(T'(1)) is the closed unit disk.

The next example is a concrete application of the Theorem 3.4.

Example 3.7. Let X be a compler Banach space and let {A;}jcz, be a family of bounded
linear operators acting on X which is uniformly bounded, i.e. sup;cy, ||4;|| < co. Consider the
following two discrete Cauchy problems.

Tjv1=Ajz, JE€EZLy, j2=k
xp =b (for fized) k € Z4 (Aj, k,b)
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and

Yj+1 = Ajy; + fiv1, JE€Zy
Yo =0. (Ajvfj70)

The solutions of (Aj,k,b) and (Aj, f;,0) are (respectively) given by: xz; = U(j, k)b and
yi = > 0o U4, k)f(k). Here U(j,k) := Aj_y--- Ay, when j > k. The following two statements
are equivalent:

e For each b € X the solution of (A;,k,b) decays exponentially or, equivalently, there exist
two positive constants K and v such that

sug[Ke”("’k)HAn_l - Agl] < o0
n>

e For each f; € coo(Z4,X) the solution of (A;, f;,0) belongs to coo(Z+, X).

4 Evolution semigroups and uniform exponential stability for evolution families
on Z.

Let U = {U(m,n) : m > n € Z} be a discrete evolution family of bounded linear operators
acting on a Banach space X. For each j € Z,, the linear operator given by

(T()f)(n) =U(n,n—j)f(n—j) for all n € Z

is well defined and acts on the Banach space Z := cyo(Z, X). When the evolution family I has
exponential growth (say with the constants M and w) the operator T'(j) is a bounded on Z and

T ()|zzy < M exp (wj).

The family 7 = {T'(j)}jez, is called the evolution semigroup associated to U on coo(Z, X). The
following Lemma is similar to the above Lemma 3.1. However, in the proof of the next lemma
we use the uniform boundedness of the family U.

Lemma 4.1. LetU = {U(m,n) : m > n € Z} be a uniformly bounded discrete evolution family
and let T = {T(j)}jez, be the evolution semigroup associated to U on the space coo(Z,X)
"generated” by G. Let f,x € coo(Z, X) be fixred. The following two statements are equivalent:

o (i) Gz =—F.

e (ii) For each n € 7 there exists

and x(n) = u(n) for all n € Z.
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Proof: (i)=-(ii). As we know

and thus for any n € Z, one has
j—1
z(n) = T(j)z(n)+ Y T(k)f(n)
k=0

— Ulnn—j)a(n—j)+ 3. Uln,n—k)f(n— k)
k=0

n

= Umn—jzn—j5+ Y Ulnp)fp).

p=n—j+1
Using the uniform boundedness of the family {U(n,m)}, obtain:
1U(n,n = g)z(n = j)| < Kljz(n = 7)I =0 (as j = o0).

It follows that lim; oo > U(n,p)f(p). exists, and

n
p=n—j+1

z(n)= Y Uln,p)f(p)
p=—00
(ii) = (i). In view of the above definitions have that:

(Gx)(n) = (T(1) — Dz(n) =U(n,n — Dz(n—1) — z(n).

Based on the continuity of the operator U(n,n — 1), obtain:

n—1
(Gz)(n) =U(n,n=1) Y Uln—1,§)f(j) - z(n)

= 3 U FG) () = ()

Theorem 4.2. Let U = {U(m,n) : m > n € Z}, be a uniformly bounded discrete evolution
family of bounded linear operators acting on the Banach space X and let T be the evolution
semigroup associated to U on the space coo(Z, X). The following four statements are equivalent:

e (i) The family U is uniformly exponentially stable.
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e (ii) The evolution semigroup T is uniformly exponentially stable.
o (iii) The 7infinitesimal generator” G =T(1) — I of T is invertible.

o (iv) For each f € coo(Z,X) and each n € Z, there exists

n

z(n) == kEIEloo U(n,v)f(v).
v=k

Moreover, z(-) belongs to coo(Z, X).

Proof: The proof of (i)=-(ii)=-(iii) are similar as already given in Theorem 3.4.
(iii) = (iv) : As T(1) — I is invertible, for each f € coo(Z, X) there exists an unique = €
coo(Z, X ) such that [T(1) — Iz = —f. Then from Lemma 4.1, obtain:

k——o00

z(n) == lim ZU(n,V)f(V),
v=k

exists and x(n) € coo(Z, X).
(iv)=-(i): We adapt the technique used in Theorem 3.3 and prove this result in two steps.
Step 1: Let us consider the linear operator

K : Coo(Z,X) — Coo(Z,X)

defined by (K f)(n) = x(n) where

z(n):= lim ZU(H,V)f(Z/), n € Z.
v=k

k——o0

We prove that K is bounded operator. As in the previous section we use the Closed Graph
Theorem. It is enough to prove that the operator K is closed. Let f;, f,g € coo(Z,X) , j € Z4
such that

fi = fin coo(Z, X) (as j — 00) and
Kfj — g n Coo(Z,X) as (j — OO)

For any fixed integers N,n with N < n, let consider the following sequences in cyo(Z, X).

| f(k), whenk>N
1ok) = { 0, when k < N

and

O(k) = fi(k), whenk >N
1 0, when k& < N.
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Clearly f?(k) — f°(k) and K f} (k) — g(k) for every k > N. On the other hand
Kfj(n)=Kf'(n) = 3 Umk)(fKk) - k)
K=N

= > Umk)(fi(k) = f(k) = 0as (j — o),

K=N
But K f7(n) = g(n). Hence K f%(n) = g(n). Taking into the account our assumption, obtain:

N—-1

(Kf)(n) —g(n)= > Un,k)f(k) = 0as (N = —o0).

k=—o00

Then (K f)(n) — g(n) = 0 for all n € Z which assures the boundedness of the operator K. As a
consequence, there exists a positive constant L such that || K f||.,,z x) < L for all f € coo(Z, X)
with || f|| < 1.

Step 2: For any j € Z, we define: f;(k) = 14, (k)U(k,j)b where b € X with [[b]] < 1.
Clearly f; € coo(Z,X) and

0 forn < j
Kf; =
(K 3)n) {U(n,j)b for n > j.
Since
(Kf;j)(n) =0 (asn — o00)
have that
lim ||U(n,j)b|| =0 for all j € Z.
n—oo
Set hj(k) := 3;1¢j.... .} (K)U(K, j)b where M = sup,,>,, [|[U(n,m)||. Obviously, h; € coo(Z, X)
and ||h || < 1. Then H Khj)(n)|| < L. On the other hand (Kh;)(n) = +;(n — j + 1)U(n, )b,
hence
(n—3+DU(n,5)b|| <cforall n>j
where ¢ = LM . The assertion follows now by Lemma 3.2. 0
References

[1] C. BUSE, On the Perron-Bellman theorem for evolutionary processes with exponential
growth in Banach spaces, New Zealand Journal of Mathematics, 27, 1998, 183-190.

[2] C. BUsSE, S. S. DRAGOMIR, V. LUuPULEscU, Characterizations of Stability for Strongly
Continuous Semigroups by Convolutions, International Journal of Differential Equations
and Applications, Academic Publications, Vol. 2, No.1 2001, 103-109.



Uniform exponential stability 205

[3] CARMEN CHICONE, YURI LATUSHKIN, Evolution Semigroups in Dynamical Systems and
Differential Equations, Mathematical Surveys and Monographs, Vol. 70, American Ma-
thematical Society, Providence R. 1., 1999.

[4] STEVE CLARK, YURI LATUSHKIN, S. MONTGOMERY-SMITH, AND TIMOTHY RAN-
DOLPH, Stability Radius and Internal Versus External Stability in Banach Spaces: An
evolution Semigroup Approach, STAM Journal of Control and Optimization, 38(6), 2000,
1757-1793.

[5] R. DATKO, Uniform asymptotic stability of evolutionary processes in Banach space, STAM
J. Math. Analysis 3. 1973, 428-445.

[6] NGUYEN VAN MINH, FRANK RABIGER, AND ROLAND SCHNAUBELT, Exponential Sta-
bility, Exponential Expansiveness, and Exponential Dichotomy of Evolution Equations
on the half line, Integral Equations Operator Theory, 32, 1998, 332-353.

[7] R. SCHNAUBELT, Well-posedness and asymptotic behavior of non-autonomous linear evo-
lution equations, Evolution equations, semigroups and functional analysis (Milano, 2000),
311-338, Progr. Nonlinear Differential Equations Appl., 50, Birkh&auser, Basel, 2002

Received: 23.11.2011
Accepted: 23.07.2012

West University of Timisoara, Department of Mathematics,

Bd. V. Parvan No. 4, 300223-Timisoara, Romania, and

Government College University, Abdus Salam School of Mathematical Sciences,
(ASSMS), Lahore, Pakistan

E-mail: buse@math.uvt.ro

Government College University, Abdus Salam School of Mathematical Sciences,
(ASSMS), Lahore, Pakistan

?E-mail: aftabm84@gmail.com

3E-mail: gulassms@gmail.com

4E-mail: afshintabassum@gmail.com



