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On totally disconnected generalised Sierpinski carpets
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Abstract

Generalised Sierpinski carpets are planar sets that generalise the well-known Sierpinski
carpet and are defined by means of sequences of patterns. We study the structure of the sets
at the kth iteration in the construction of the generalised carpet, for k > 1. Subsequently,
we show that certain families of patterns provide total disconnectedness of the resulting
generalised carpets. Moreover, analogous results hold even in a more general setting.

Key Words: Fractals, Sierpinski carpet, connectedness, graph.
2010 Mathematics Subject Classification: Primary 28A80,
Secondary 54H05, 05C10.

1 Introduction

Sierpiriski carpets [3, 8] are self-similar fractals in the plane that originate from the Sierpinski
carpet [6, 7] and have been used, e.g., as models for porous materials [3, 8].

In a recent paper Cristea and Steinsky[2] presented necessary and sufficient conditions, under
which planar sets that generalise the Sierpinski carpets, called generalised Sierpiniski carpets,
are connected.

In the present paper we use the construction, the definitions and notations from the men-
tioned paper [2]. We also refer to Hata[4] for connectedness properties of self similar fractals,
and to Cristea[l] for connectedness properties of fractals, that can be viewed as a special case
of the generalised Sierpinski carpets analysed here.

2 Definitions and construction

Let z,y,q € [0,1] such that @ = [z,z 4+ ¢] X [y,y + ¢] C [0,1] x [0,1]. For any point (2., z,) €
[0,1] x [0, 1] we define the function Pg(zs, 2y) = (¢2z + =, qzy + y).
mo_ i i+1 j j+1  ram )
Let m > 1. Si’jf{(m,y)|Tngzgwand#Syﬁjﬁ}andé’mf{sﬁj|0§z§
m—1and 0 < j < m—1}. We call any nonempty A C S,,, an m-pattern. Let {A;}72, be
a sequence of non-empty patterns and {my}7° ; be the corresponding width-sequence, i.e., for

all k > 1 we have Ay, C Sy, We let Wy = Ay, and call it the set of white squares of level 1.
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Then we define By = S,,, \ Wi as the set of black squares of level 1. For k > 2 we define the
set of white squares of level k by Wi = Uwe a, wi_, ew,_, {Pwi (W)}

For a sequence of patterns { Ay }72 ; with width sequence {my }32; we introduce the notation
m(k) = Hle my. In all the considerations to follow we will assume my, > 2, for all k > 1. We
note that Wy C Sp,(x), and we define the set of black squares of level k, By, = Sy \ Wi For
k> 1, we define Ly = Uy ¢y, W. Therefore, {L;}32, is a monotonically decreasing sequence
of compact sets. We write Lo, = ;o L, for the limit set of the pattern sequence { Ay} ;.
We call any such L., a generalised Sierpinski carpet and L, the n-th approzimation of L.,

For any 0 < i < m(k) — 1 we call U k) 1{Sm(k)} a column of level k. Moreover,

we call UjZ {S’OJ } the left column of level k (in short the left column of Sy )), and

m(k {S:Z((:) 1]} the right column of level k; (in bhOI“t the right column of Sp,(ry). Analo-

gously, for any 0 < j < m(k) — 1 we call U {S " a row of level k. UMM~ 1{5%(]“)} is

the bottom row of level k (in short the bottom row of Sm(k)) and Um(k) 1{5?;(;36) 1} is the top
row of level k (in short the top row of Spx))-

For W C S,,, we define, G(W) to be the graph of W, as in the mentioned paper [2]. We call
any path in G(By) a black path of level k. If p = {S;}7_; is a path in G(Wy) or G(By) then we
call T'(p) := UI_,S; the corridor of the path p.

3 Special families of m-patterns

For an m-pattern A we denote by A€ the set S, \ A. For any A C S,,, we define G*(A) =
(V(G*(A)), E(G%(A))) to be the graph whose set of vertices V(G*(.A)) consists of the squares
Si"; that are elements of A and whose set of edges consists of unordered pairs of distinct squares
that are elements of A and have a common side. Now, we introduce several particular types of
patterns.

An m-pattern A is of type V (“vertically cutting”), if G(A°) contains a connected component
G(K) that corresponds to a subset K of A°, connects the top and the bottom row of S,,,, and
has the property that there exist indices i1, 42 such that i, € {7, 57, _; € K}, i2 € {i, 5], € K}
and iy € {i; — 1,471,471 + 1}. We also denote by V the family of all patterns of type V.

An m-pattern A is of type H (“horizontally cutting”), if G(A°) contains a connected com-
ponent G(K) that corresponds to a subset K of A€, connects the left and the right column
of S, and has the property that there exist indices ji,j2 such that j; € {j € SgY; € K},
J2 € {5, Sm_1; € K} and jo € {j1 — 1,j1,j1 + 1}. We also denote by H the family of all
patterns of type H.

L] L1

Figure 1: Patterns of type V, H, and both V and H, respectively.
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An m-pattern A is of type Dy (“diagonally cutting parallel to the first diagonal”) in the
following two cases:

1. G(A°) contains a connected component G(K) corresponding to a subset K of A°, such
that {55, Sm_1m-1} € K,

2. G(A°) contains a connected component G(K7) that corresponds to a subset K7 of A° and
connects the left column and the top row of S,,, and a connected component G(K>) that
corresponds to a subset Ky of A€ and connects the bottom row and the right column of
Sm, such that, on the one hand, there exist indices j1, j such that j, € {j, S7; € K1}, ja2 €
{4, S;h_1,; € K2} and j2 € {j1 — 1,51, j1 + 1}, and, on the other hand, there exist indices
11,19 such that i; € {’L,SZ’ _1 € Kl}, 19 € {’L,S{j’o c KQ}, and i9 € {il — 1,219,011 + 1}.

m

An m-pattern A is of type Do (“diagonally cutting parallel to the second diagonal”) in the
following two cases:

1. G(A°) contains a connected component G(K) corresponding to a subset K of A€, such
that {Sg}m—h Sﬁ—l,O} - Ka

2. G(A°) contains a connected component G(K;) that corresponds to a subset K7 of A¢ and
connects the left column and the bottom row of S,,, and a connected component G(K3)
that corresponds to a subset K5 of A¢ and connects the top row and the right column of
Sm, such that, on the one hand, there exist indices ji, j2 such that j; € {7, S € K.},
J2 € {4,501, € K2} and ja € {j1 — 1,j1,71 + 1}, and, on the other hand, there exist
indices il,ig such that il S {Z, STO S Kl}, i2 € {Z, S,Z’nm71 S KQ} and ig € {ilfl,il,i1+1}.

We also denote by Dy the family of all patterns of type Ds.

An m-pattern A is of type C1, (“corner square on the first diagonal”) if {Sg, S;_1 ;110
A® # 0, and of type Ca, (“corner square on the second diagonal”) if {S§",, _1,Sh_1 0} NA° # 0.
We denote by C; and Cs the family of all patterns of type C; and Cs, respectively. We also
denote by D; the family of all patterns of type D;.

Figure 2: Patterns of type D1, Do, both D; and Do, and of all types, respectively.

4 On the structure of generalised Sierpinski carpets given by the occurrence of
special patterns

Throughout this section, we assume, when dealing with sequences of patterns {A;}7 |, that
these patterns define generalised Sierpinski carpets.
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Proposition 1. Let {Ax}32, be a sequence of patterns with width-sequence {my}3>,. Let
1< ki <k, ks, and A, e VUH, Ag, € C1 and A, € Co.

1. If Ay, €V, then there exist m(ky — 1) distinct paths in G*(By,), each of them connecting
some square of By, lying in the top row of Sy, (k) with some square of By, lying in the
bottom row of S, (ky)- Each of these paths is contained in a column of level ky — 1.

2. If Ay, € H, the analogous statements hold for paths in G°(By,) that connect squares that
lie in the left column and in the right column of Sy, (ky)-

Proof: We just sketch the proof. We refer only to the case when Ag, € V, since the case
Ak, € H can be treated analogously. Let C' be a column of level k&4 — 1. Based on the
properties of the patterns of type V, one can construct a path p in G(Wy, ) that has the corridor
contained in C' and that connects a square Sy € V(G(By,)) that lies in the top row of S, ()
with a square Sy € V(G(Bg,)) that lies in the bottom row of S,,(x,) (such that S; and Sy lie in
the same or in neighbouring columns of level k;). The squares that are elements of p correspond
to the vertices in a connected component G(Ky, ) of G(By,). If G*(Kj}, ) is connected, let Ky, be
the set of all squares of level k3 that are contained in some squares of level k; of G(K},). One
can then construct a path p’ in G*(K},) that consists of squares of K, such that I'(p’) C T'(p).
If G*(K}, ) is not connected, then we denote by By (p), for k = ko, ks, the set of all black squares
of level k£ that lie in the same column C' and have a common side with some square of level &k
that belongs to the path p. Let now K}, be the set consisting of all black squares of level k3
that are subsets of the squares in the path p, together with all the black squares in By, (p), and
all the black squares of level k3 that are contained in some black square of By, (p) and share
a side with some black square of level k3 which is a subset of a black square occurring in p.
Then K}, contains a path p’ of level k3 in G*(By,), with I'(p) C I'(p’), that connects a square
of level k3 lying in the top row of S,,(r,) with some square of level k3 lying in the bottom row
of Sy, and p’ is contained in C. ]

We call the paths occurring in Proposition 1 vertical paths of level ks and horizontal paths
of level k3 in the unit square, respectively.
Remark. Under the assumptions of case 1. of Proposition 1, for each of the m(k; —1) columns
of level (k; — 1) there exists an empty corridor of level ks within that column. In case 2. the
analogous statement holds for each of the m(kq — 1) rows of level (k1 — 1).
Proceeding analogously as above, one can prove the following result.

Proposition 2. Let {Ax}32, be a sequence of patterns with width-sequence {my}3>,. Let
1 < ki < ko, ks, and Akl € D, UDs, Ak2 € Cy and Akd € Csy.

1. If A, € Dy, then the following statements hold. There exist m(k; — 1) distinct paths in
G®(Br,), each of them connecting some square of By, lying in the left column of Sy, (i)
with some square of By, lying in the top row of Sy(k,). There exist m(ky — 1) distinct
paths in G*(By,), each of them connecting some square of By, lying in the bottom row of
Sin(ky) with some square of By, lying in the right column of Sy, (ky)-

2. The analogous statements hold for Ay, € Do and the corresponding paths in G*(Bi,).
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We call the paths occurring in Proposition 2 diagonal paths of level ks and type D1, or,
respectively, of type Dy in the unit square.

Remark. (The translation property.) Let P be the set of paths of level k3 constructed for
all columns of level k; — 1 as in (the proof of) Proposition 1. The intersection of the black
squares of level k3 belonging to a black vertical path of level k3 in P with any square @ of level
k1 — 1 is the translated image of the intersection of the black squares of level k3 of any black
path of level k3 in P with any square @’ of level k; — 1. The translation vetor is parallel to the
Oz- or Oy- axis, and its length is ﬁ, aeN.

One can show that under the assumptions of Proposition 2 there is a set P of diagonal
paths of level k3 (of type D; or Ds, depending on the type of the pattern Ay, ) with analogous
translation properties.

Proposition 3. (“Parallel” vertical curves for vertical patterns.) Under the assumptions of
Proposition 1 let Ay, € V. Then there exists a set V(Ay,) of curves that connect the top and
the bottom side of the unit square with the following properties:

1 Ifm € V(A,) and Q,Q € Sm(ky—1) lie in the same column of level ky — 1 such that
TNQ # 0 and N Q" # (), then there exists a translation T by a vector of length TS

0
a € N, parallel to the Oy-azis, such that TN Q' = T(7r N Q).

2. If w7’ € V(Ai,) and Q,Q' € Sk, —1) lie in the same row of level ki — 1 such that
TNQ # 0 and TN Q' # (), then there exists a translation T by a vector of length TS

1)’
a € N, parallel to the Ox-axis, such that 1N Q' =T(r N Q).

3. Ifm, ' € V(Agw,), then there exists a translation T by a vector of length m(#_l), a €N,
parallel to the Ox-axis, such that ©’ = T(m).

4. If 7 € V(Ay,), then it is contained in a column of level ky — 1.

Proof: We give a sketch of the proof. For each path in G*(Bg,) constructed in the proof of
Proposition 1, there exists a minimal path p”™™ from the top row to the bottom row of Sinks)s
such that the m(k; — 1) minimal paths have the properties stated in the above remark about
the translation property of the paths. Let p be such a path and p™" the corresponding minimal
sub-path. We construct a curve that lies inside the corridor p™" by taking the union of the line
segments connecting, e.g., the midpoints of the top edge and the bottom edge in each square
in p™". O

The analogon of Proposition 3 holds for patterns of type H. With a construction idea analogous
to that of the curves in the proof of Proposition 3 one can prove the following result.

Proposition 4. (“Parallel diagonal curves for diagonal patterns”.) Under the assumptions of
Proposition 2 let A, € D1. Then there exists a set D1(Ax,) of curves that connect the left and
the top side or the bottom and the right side of the unit square with the following properties:
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1 IfQ,Q" € Sk, —1) lie in the same row (column) of level ky — 1, then there exists a trans-
lation T by a vector parallel to the Ox- (Oy)-axis, such that {Q' N | ©' € Dy1(Ap,)} =

T ({er B ﬁl(Akl)}>.

2. If m,n’ € ﬁl(Akl), then there exists a translation T by a vector parallel to the Ox-axis,
such that either ' C T'(w) or T(w) C 7.

3. If mr,7 € Dy (Ax,), then there exists a translation T by a vector parallel to the Oy-axis,
such that either 7' C T(xw) or T(w) C 7.

In each case the length of the vector defining T is — a €N,

[0}
(k1—-1)’
5 Totally disconnected generalised Sierpinski carpets

Lemma 1. Let Lo, be a generalised carpet defined by a sequence of patterns { Ay }72 | with width-
sequence {my 3 ,. Let 1 < ki < ko, ks, and k1 < ks < ks, ke such that Ay, € V, Ag, € Cq,
Ap, € Co, A, € H, Ax, € C1 and Ay, € Co. Then, for any two points t = (t1,12), 2 = (21, 22)

lying in the same connected component of Ly, |t1 — z1| < m and |ta — zo| < m

Proof: Let i, (t, z) be the connected component in Ly, that contains ¢ and z. We give a proof
by contradiction. We assume that there is a column C of level k; — 1 between t and z. As
O, (¢, 2) is a finite union of squares, it is path-connected. Thus, there is a curve ¢ from ¢ to
z in Q4 (¢, 2). Let C’ denote the rectangle that is the union of all squares of level k1 — 1 that
belong to C. ¢N C" is a curve from the left side of C’ to the right side of C".

From Proposition 3 it follows that there exists a curve 7w € f/(AkG) such that 7 is in C’ and
leads from the top side of C’ to the bottom side of C’. We have ¢ C Lo, and 7 C [0, 1] x[0, 1]\ Loo,
which is a contradiction to a known result, see e.g., Maehara[5, Lemma 2]. We obtain that ¢
and z must lie within two consecutive columns of level k; — 1, and therefore |t; — 21| < ﬁ
Using an analogon of Proposition 3 for patterns of type H and the same arguments as before

we infer [ty — 29| < m 0

The proofs of the following two lemmas are analogous to the above proof.

Lemma 2. Let Lo, be a generalised carpet defined by a sequence of patterns { A}, with
width-sequence {my}32,. Let 1 < k1 < ko, ks, and k1 < ky < ks, ke such that Ay, € D1 UDy,
A, € C1 and Ay, € Co, Ap, € HUV, A, € C1 and Ai, € Co. Then, for any two points
t = (t1,t2), 2 = (21, 22) lying in the same connected component of Ly, [t1 — z1| < ﬁ and
2

[ta — 29| < R =T) -

Lemma 3. Let Lo, be a generalised carpet defined by a sequence of patterns { Ay}, with
width-sequence {my}32,. Let 1 < ki < ko,k3 and ks < ks, k¢ such that Ay, € D1 and
Ak, € Da, Ar, € C1 and Ay, € Co, Ag, € C1 and Ag, € Co. Then, for any two points
t = (t1,t2), 2 = (21, 22) lying in the same connected component of Ly, |t1 — z1] < ﬁ and

[ta — 29| < ﬁ, where k = min(ky, kyq).
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Theorem 1. Let Lo, be a generalised carpet defined by a sequence of patterns {Ay}32, with
width-sequence {my}3> . If

1. there exist two distinct types of patterns, T1, Ta € {V,H, D1, D2} such that infinitely many
patterns occurring in the sequence { A}, are of type T1 and infinitely many patterns
occurring in the sequence { A}, are of type T, and

2. infinitely many patterns occurring in the sequence { A}, are of type Ci and infinitely
many patterns occurring in the sequence { A} are of type Ca,

then Lo is totally disconnected with respect to the Fuclidean topology.

Proof: As the first case, we assume that 77 = V and 72 = H. Lemma 1 yields that any
connected component of L., consists of precisely one point. The second case is that 77 €
{D1,D2} and Tz € {H,V}. Here, we use Lemma 2 to obtain that any connected component
of L., consists of one point. In the third and final case, we have 71 = D; and 7o = D,. By
Lemma 3 we infer that any connected component of L., consists of one point. 0

The construction of generalised Sierpinski carpets, as it was given in Section 2, can be
generalised, by allowing, at each inductive step k of the construction, not just the application
of one pattern A, C S, to all white squares that were created in the previous step, but, the
application of a set of n(k) distinct patterns {A}C}:l:(ﬁ), n(k) > 1, Ay C S,,,, with the possibility
to apply distinct patterns of {A}v}:l:(];) to distinct white squares of Wy _1. In this case we call
Lo a non-uniform generalised Sierpinski carpet. Thus, a non-uniform generalised Sierpinski
carpet is defined by means of a sequence {.flk}z‘;l, and its width sequence {my}3° |, where Ax
is a set of n(k) (with n(k) > 1) myg-patterns, for all £ > 1. Based on the above proof, one can
show that Theorem 1 also holds in the case of non-uniform generalised Sierpinski carpets:

Theorem 2. Let Lo, be a non-uniform generalised carpet defined by a sequence of sets of
patterns {Ay,}52 | with width-sequence {my}> . If
1. there exist two distinct types of patterns, Ty, Tz € {V,H,D1,Ds} such that infinitely many
elements Ay, occurring in the sequence { A}, consist of only one pattern A, = {Ax}
and Ay € T1, and infinitely many elements occurring in the sequence {/\k}zozl consist of
only one pattern A = {Ar} and Ay, € T2, and

2. infinitely many elements of the sequence {Ak},;“;l satisfy A, = {AZ}:;U;), where n(k) > 1,

Al € Cy, and i = 1,...,n(k), and infinitely many elements of the sequence {Ak};?;l
satisfy Ay, = {A}c}?:(ﬁ), where n(k) > 1, A} € Cy, and i =1,...,n(k),
then Lo is totally disconnected with respect to the Euclidean topology.

The results obtained here provide a method for constructing both self-similar and non-self-
similar generalised carpets that are totally disconnected. Moreover, the construction of the
generalised Sierpinski carpets described above makes it possible to obtain totally disconnected
carpets of box-counting dimension less than or equal to 2.
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