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A generating operator of inequalities for polynomials
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Abstract

Let P(z) be a polynomial of degree n > 1. In this paper we consider an operator B,
which carries a polynomial P(z) into

BIP()] == MoP(2) + M (%))

where Ao, A1 and A2 are such that all the zeros of

nz. o P’ (2
+’\2(7)2 25 )’

u(z) = Ao + c(n, 1)A1z + ¢(n, 2) o2

lie in half plane
n
< - —
el <l - 3

and obtain new generalizations of some well-known results.
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1 Introduction and statement of results

Let P, be the class of polynomials of degree at most n then,

x| ()] < nmax P2 (L1)
and
Inlla}I(%‘P(Z” <R" lm|a>§|P(Z)|, R>1 (1.2)

Inequality (1.1) is an immediate consequence of Bernstein’s theorem on the derivative of a
polynomial (see[5]). Inequality (1.2) is a simple deduction from the maximum modulus principle
(see[12]). If we restrict ourselves to the class of polynomials having no zeros in |z| < 1, then
the inequalities (1.1) and (1.2) can be respectively replaced by following [9,1]

max |P'(2)] < 5 max |P(2)], (1.3)

|2| 2|
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and

R"+1
max [P(:)] < “ = max [P(2), R> 1. (1.4)

Recently Aziz and Rather [3] have investigated the dependence of

pre)-ape)+o{ (BF) ~lal} P

for every complex numbers «, 5 with |o| < 1, |8] <1 and R > 1. In fact, they proved

for|z| = lon |mlax |P(2)|

Theorem A If P(z) is a polynomial of degree n, then for every complex numbers «, 3 with
la] <1, |8 <1 and R > 1,

’P(Rz) —aP( )+5{<R+ 1) - a|}P(z)

<|rr—as s {(BE) -1t}

|z|" maX|P( ), for |z| > 1 (1.5)

and

PR~ aP(2) + 5 (BH) -t} peo

¥ ‘Q(RZ) ~aQ(» >+5{<R+) ~lal} Q)

<|lrr—atal(EEL) o)

; E - /:{ ({R(“Q)) a}]}max P(2) (16)
2 |2|=1 ’ ’

for |z] > 1, where Q(z) = 2" P(L). The results are sharp and equalities in (1.5) and (1.6) holds
for P(z) = Az™, A # 0. For the class of polynomial having no zeros in |z| < 1, we have the
following result due to Aziz and Rather which is a generalization of inequality (1.4).

Theorem B If P(z) is a polynomial of degree n which does not vanish in |z| < 1, then for
every complex numbers o, B with |a] <1, |8] <1 and R > 1,

’P(Rz)—aP( )+ﬁ{(R+ ) —|a}P(z)

{252 )

—I—’l—oH—B{(R;l) - |a|}H max |P(2), (1.7)
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for |z| > 1. Equality in (1.7) occurs for P(z) = 2™ + 1.
In this paper, we consider an operator B, which carries P € P, in to

nz P'(z nz o, P"(z
BIP()) = MoP(2) + M() ), (222 ), (18)
2 1! 2 2!
where \g, A1 and Ao are such that all the zeros of
u(z) = Ao + c(n, A1z + c(n, 2) Ag2? (1.9)
lie in the half plane
2| < Iz—gb (1.10)

and prove the following generalization of Theorems A and B thus as well of inequalities (1.1)
and (1.2).

Theorem 1. If P(z) is a polynomial of degree n, then for every complex numbers «, 8 with
o <1, 18/ <1and R>1,

Bipre) - aslpe) + 8 { (TF1) - 1ol | BlP)

<[t - HESE al 1B s [P, Sor 41> 1. (1)

Equality holds in (1.11) for P(z) = A\z", A # 0.

Remark 1. For \g = A2 = 01in (1.11) and note that in this case all the zeros of u(z) defined
by (1.9) lie in (1.10), we get

‘RP’(RZ) —aP'(2)+ { (RQ“)n - |a|} P'(2)

-+ { () et}

Equality holds in (1.12) for P(z) = A\z™, X # 0. If we take 8 =0, a = 1 and dividing the both
sides of (1.12) by R — 1 and then allowing R — 1, we get

<n

|2|" "t max |P(2)|, for |z| >1.(1.12)
=1

|2l

|zP"(2) + P'(2)| < n?|z|"! lmla)i |P(z)], for |z| > 1. (1.13)
Equality holds in (1.13) for P(z) = Az", A # 0. For « = 8 = 0 and R = 1, inequality (1.12)
gives

|P'(2)] < nlz|"t ‘mla>§|P(z)|, for |z| > 1. (1.14)
z|l=

which in particular gives inequality (1.1).
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Remark 2. For A\; = Ay = 0. Theorem 1 reduces to inequality (1.5). Next as an application
of Theorem 1, we prove the following theorem which is a generalization of a results prove by
Rahman [11] , Jain [6], Aziz and Rather [3].

Theorem 2. If P(z) is a polynomial of degree n, then for every complex numbers «, 8 with
o] <1,18/<1and R>1,

siP(ra) - aslPe] + 5 { (B12) - ol BlP(o)

+ ’B[Q(Rz)} —aB[Q(2)] + B { (RH)n - al} B[Q(z)]

2
SHRn—a+ﬁ{(R§i)n—m@]3wﬂ
+ ’1a+ﬂ{<R;1> |a|}‘|)\o|} max[P(2)] (1.15)

for |z| > 1, where Q(z) =" P(L). If we take A\g = A2 = 8 =0 and a = 1 in (1.15), we obtain
the following result.

Corollary 1. If P(z) is a polynomial of degree n, then for every complex number « with
la] <1 and R > 1,

|[RP'(Rz) = P'(2)| + |RQ(Rz) — Q'(2)]|

< n(R™—1)|z|" ! ‘mla? |P(2)], for |z|>1. (1.16)

Equality holds in (1.16) for P(z) = Az™, A # 0.If P(2) is a polynomial of degree n, then for
every complex number « with |a| <1 and R > 1,

|[RP'(Rz) — P'(2)| + |RQ'(Rz) — Q'(2)]|

< n(R" - 1)|Z‘n—1|m|§>§|P(z)|, for |z| > 1. (1.16)

Equality holds in (1.16) for P(z) = Az", A # 0. Theorem 2 includes a result due to Rahman
[11] as a special case for Ay = A2 = a = 8 = 0, where as inequality (1.15) reduces to a result
due to Jain [6,Theorem 1] for A\; = A2 = a = 0. For A; = A2 = 0, inequality (1.15) reduces to
inequality (1.6).

Lastly, for class of polynomial having no zeros in |z| < 1, we prove the following generalization
of Theorem B.
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Theorem 3. If P(z) is a polynomial of degree n which does not vanish in |z| < 1, then for
every complex numbers a, B with |a] <1, |8 <1 and R>1,

sip(ra) - aslP) + 6 { (TF) ol BlpCe)

<5 [[r-ass{(B2) - lalf]imin)

+ ’1 —a+p { (R;—1> - a|}’ |)\0} lr?li>§|P(z)|, for |z| > 1. (1.17)

FEquality holds in (1.17) for P(z) = z™ 4+ 1. If we take o = 8 = 0 in Theorem 3, we get the
following result.

Corollary 2. If P(z) is a polynomial of degree n which does not vanish in |z| < 1, then for
R>1,

|B[P<Rzms%{RﬂB[znn+|Ao|}|rglg>§|P<z>|, Jor |2 > 1. (L18)

The result is sharp and equality holds for P(z) = 2" + 1. For R = 1, inequality (1.18) reduces
to a results due to Shah and Liman [13].

Remark 3. Theorem 3 includes some well-known inequalities as special case. For example
inequality (1.17) reduces to a result due to Aziz and Rather [4] for \; = Ay = 8 = 0. For
A1 = A2 = o = 0 inequality (1.17) reduces to result due to Jain [7] where as for Ay = Ay =0
inequality (1.18) reduces to

1
PR < 5 {R" + 1y max|P(s)] B >1

If we take \g = Ay = a = 8 = 0, inequality (1.17) reduces to inequality (1.3).

2 Lemmas

For the proofs of the theorems, we need the following lemmas. The first lemma was proved by
Aziz [2].

Lemma 1 If P(z) is a polynomial of degree n having all its zeros in
|z| < k(k <1), then for every R > 1,

R+k

|P(Rz)| > (l—l—k

> |P(2)], for |z]=1. (2.1)

The following lemma follows from corollary 18.3 of [10].
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Lemma 2 If all the zeros of a polynomial P(z) of degree n lie in a circle |z| < 1, then all the
zeros of the polynomial B[P(z)] also lie in the circle |z| < 1.

Lemma 3. If P(z) is a polynomial of degree n such that P(z) # 0, in |z| < 1, then
[B[P(2)]| < [BIQ(2)]], for |z[=1, (2.2)

where Q(z) = z"P(1).

Lemma 4 If P(z) is a polynomial of degree n, then for |z| > 1,
|B[P(2)]| + |BIQ(2)]] < {|B["]| + ‘)‘Ol}fﬂi)f [P(2)]; (2.3)

where Q(z) = 2" P(2).
The above two lemmas are due to Shah and Liman [13].

Lemma 5 If P(z) is a polynomial of degree n which does not vanish in |z| < 1, then for every
complex numbers «, 8 with |a| < 1,|8| <1 and R > 1,

Bipra) - aslpe) +5{ (BE1) ~lal} Blp)

< [Blowa) - aplo) + 5 { (24) - a1} Qo)

, (2.4)

for |z| > 1, where Q(z) = z"P().

Proof. If P(z) # 0 in |z| < 1, then by Lemma 3 we have |B[P(2)]| < |B[Q(#)]| for |z| > 1
and hence for R = 1, we have nothing to prove . For R > 1, since |P(z)| = |Q(z)| for |z] = 1,
it follows by Rouche’s theorem that for every complex number A with |A| > 1, the polynomial
T(z) = P(z) — MQ(%) does not vanish in |z| > 1, with at least one zero in |z| < 1. Let
T(2) = (z — 7€) F(z) where r < 1 and F(z) is a polynomial of degree n — 1 having no zeros in
|z| > 1. Applying Lemma 1 with k = 1, for every R >1,0<6 <27

, . /R 1\"! ,
TR > | - e (F32) ()
_(R+1 "1 Ret — peid

S\ 2
R+1 nl R+r i
> (55 (F) e
T

010 _ 1gid
n—1
(;ii) IT(Rei®)| > (R;1> 7)), R>1 and 0<0<2m, (2.5)

|(ei0 _ ’/‘EM)F(EMH

or
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since R > 1>, hence T(Re) # 0 and (537) > (F1), from inequality (2.5), we have

IT(R2)| > (R;1> (), |=1, R>1. (2.6)

Hence for every complex number « with |a| < 1, we have

[T(Rz) — oT(2)| = |T(Rz)| = |of|T(2)|

R+1

> {<2>n - |a|} IT(2)|, for|z|=1and R>1. (2.7)

Since T'(Re') # 0 and (£F)" > 1, hance from inequality (2.6), we have
IT(Re)| > (|T(e)|, for R>1and 0<6<2r,

equivalently
IT(Rz)| > (|IT(2)], for |z]=1and R>1.

Since all the zeros of T'(Rz) lie in |z| < 1, it follows (by Rouche’s theorem for |a] < 1) that the
polynomial T'(Rz) — aT'(z) does not vanish in |z| > 1. Hence from inequality (2.7)(by Rouche’s
theorem for |3] < 1), we have the polynomial

S(z) = T(Rz) — aT(z) + B { (R;Ll) i o } T(2),

has all its zeros in |z| < 1. Therefore, by Lemma 2, all the zeros of B[S(z)] lie in |z| < 1.
Replacing T'(z) by P(z) — AQ(z) and since B is liner, it follows that the polynomial

R+1

pip(re)) - () + 5 { (12) - ot} Bipco)

3B - asee + o { (H5) - i} B}

having no zeros in |z| > 1. This implies

sip(ra)] - aslp] + 8 { (F31) ~lal} 8P

R+1

g‘B@uhﬂaB@wn+5{<yl|m}3@wn

. : (2.8)

for |z| > 1. If this is not true, then there is a point z = zg with |zo| > 1, such that

BP0 - aBlPea) + 4 { (T34 ) ot} BiPCGa)

:{B@U&MaB@wm+ﬂ{(R*lyl|a}waﬂ.

2
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Since all the zeros of Q(z) lie in |z| < 1, hence (As in case of T(z)) all the zeros of

R+1

BlQ(R:)] - aBQE) + 5 { (2> ~lal | BIQE tie inf] <1

for every complex numbers a, § with |a| <1, |8] <1 and R > 1. Therefore

R+1

BlQ(Ra)) - aBlQo)] + 5 { (F32) ol BIQGa) £0 with [0l 21

we take
R+1\"
B[P(Rz)] — aB[P(20)| + 8| —5— ] — lal¢ B[P(20)]

Bl(Ra)] - aBlQ) +8{ (1) - lal} BiQGa)

so that |[A| > 1 and for this value A\, B[S(zp)] = 0 for |zo| > 1, which contradicts the fact that
all the zeros of B[S(z)] lie in |z| < 1. This proves the desired result.

3 Proofs of the theorems

Proof of Theorem 1. For R = 1, it is already proved by Rahman [11].We assume R > 1.
On Lemma 1, if we take k =1 and P(z) # 0 in |z| > 1 ,then one can easily obtain

1 n
|Pi(Rz)| > (R;—> |Pi(2)], |z|=1and R > 1. (3.1)

Since Pi(Re®) # 0,0 < 6 < 27 and (%)" > 1 from above inequality we have |P;(Re?)| >
|Pi(e)|, R > 1.
Equivalently,

|Pi(Rz)| > |Pi(2)|, for|z|=1and R > 1.

For every complex number « with |a| < 1 and using inequality (3.1), we have
|P1(Rz) — aPi(2)] > [P1(Rz)| — |af|[P1(2)]

. {(%“) - |a|} IPi(2)|, for |z| =1 and R >1.(3.2)

Since all the zeros of P;(Rz) lie in |z| < 1, it follows (by Rouche’s theorem for |a| < 1) that

the polynomial Pj(Rz) — aP;(z) has all its zeros in |z| < 1. Hence from inequality (3.2)(by
Rouche’s theorem for |3| < 1), we have the polynomial

P = P —ari(a) + 6 (252 - lal} 2
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has all its zeros in |z| < 1. So, by Lemma 2, all the zeros of B[F(z)] lie in |z| < 1. Replacing
Py(2) by P(z) — AM2"™ and since B is liner, it follows that the polynomial

slp(ra) - aBlp@) + 5 { (252) = lal} BiPCe)

— AMB[z"] {R" —a+6{<R2H)n - Ia}}

having no zeros in |z| > 1. This implies

Bipre)] - aBlpe) +8{ (BE1) ~lal} BP0

<|mr—asa{ (B50) et} | imemns

for |z| > 1. If this is not true, then there is a point z = zg with |zo| > 1, such that

BP0 - aBlPao) + 5 { (F52) = lal} Bl

> —as s { (B5) — tal} | impne

Since all the zeros of M2z" lie in |z| < 1, hence (As in case of F(z)) all the zeros of

e (252 - e

lie in |z| < 1. We take

2
(oo { (CE) — il Lo

so that |[A| > 1 and for this value A, B[F'(z9)] = 0 for |z9| > 1, which contradicts the fact that
all the zeros of B[F(z)] lie in |z| < 1. This proves the Theorem 1.

| PIP(R=0) - 0B{PGo)l + 9 { (R n 1)” _ |a} BIP(x0)]

Proof of Theorem 2. The result is trivial if (R = 1) (Lemma 4), so we suppose that R > 1.
If M = lmlax |P(2)|, then |P(2)| < M for |z| = 1. Now for every complex number A with [A| > 1,
z|=1

we have the polynomial W(z) = P(z) + AM has no zeros in |z| < 1 and on applying Lemma 5,
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we get for |z| > 1 and R > 1,

sip) - aslpe) + 5 { (FE1) - lal} BlP)

(GO

< ’B[Q(Rz)] —aB[Q(2)] + B { (}3;1)" = Ial} B[Q(z)]
+A {R" —a+5{(R2+l)n— |aH B[z"]M‘ (3.3)

where [a| <1, |8] <1 and Q(z) = 2"P(%). Choosing the argument of A, which is possible by
(1.11) such tha t
R+1
{57 e }
1

Bl (=)
“[R M{(R?) olf o ‘
— e —as s (B5) - par} anmge

- |prara) - asieer+ s { () - ) miaea].

we get from (3.3)

sip) - aslpe) + 5 { (BE1) ~ 1ol Blp)|

e (CORIE

§|/\|‘R"—a+ﬁ{(R;1)n—| HMIB "l

—ﬂB@uan—aB@<n+5{(R+l)-—|}B@uﬂ, (3.4

for |z| > 1, |a| <1, 18] <1, and R > 1, making |\| — 1 in (3.4), we get (1.15). This completes
the proof of Theorem 2.

= Aol

Proof of Theorem 3. By hypothesis P(z) does not vanish in |z| < 1, therefore by Lemma
5 we have
R+1
sipra)] - aslp] + 5 { (BF1) - ol 8P

S‘B@U%H B@(H+6{<R+I>II}B@@HM
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for [z| > 1 where Q(z) = 2" P(2).

Equavalently
o|pp(re) - atp)+ 5 { (B42) - ot} B
< |Bip(ra) - aBlp) + 5 { (BF1) - 1ol | 8P
+[Blowa - aslown + 5 { (F5) - 1ol Bla] (3.5)

on applying Theorem 2, we get

+

2 |BiP(ra)] - alP(a)) + 6 { (F1) ~ 1o} BiPeo)
< ‘B[P(Rz)] — aB[P(2)] + 8 { <Rl>n - Ial} B[P(z)]

2
T ‘B[Q(Rz)] —aB[Q(2)] + 8 { (R;1>n - IaI} B[Q(2)]
< ([ —as s (B52) i} imten)

# o { (F5) = lalf |l max P,

|z

which is inequality (1.17) and this completes proof of Theorem 3.
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