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Abstract

Let I O J be two square free monomial ideals of a polynomial algebra over a field
generated in degree > 1, resp. > 2. Almost always when I contains precisely one variable,
the other generators having degrees > 2, if the Stanley depth of I/J is < 2 then the usual
depth of I/J is < 2 too, that is the Stanley Conjecture holds in these cases.
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Introduction

Let K be a field, S = KJz1,...,2,] be the polynomial algebra in n variables over K and
I 2 J two square free monomial ideals of S. We assume that I, J are generated by square
free monomials of degrees > d, resp. > d + 1 for some d € N. Then depthgI/J > d (see
[4, Proposition 3.1], [12, Lemma 1.1]). Upper bounds of depthg I/J are given by numerical
conditions in [11], [12, Theorem 2.2], [13, Theorem 1.3] and [15, Theorem 2.4]. An important
tool in the proofs is the Koszul homology, except in the last quoted paper, where the results are
stronger, but the proofs are extremely short relying completely on some results concerning the
Hilbert depth, which proves there to be a very strong tool (see [2], [17] and [6]). These results
are inspired by the so called the Stanley Conjecture, which we explain below.

Let Pp\ s be the poset of all square free monomials of '\ J (a finite set) with the order given
by the divisibility. Let P be a partition of Pp ; in intervals [u,v] = {w € Pp; : ulw,w|v},
let us say Pp\j = Uj[ui, ], the union being disjoint. Define sdepth P = min; degv; and the so
called Stanley depth of I/.J given by sdepthg I/J = maxp sdepth P, where P runs in the set of
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all partitions of Pp ; (see [4], [16]). The Stanley depth is not easy to handle, see [4], [14], [7],
[5] for some of its properties.

Stanley’s Conjecture says that sdepthg I/J > depthg I/J. Thus the Stanley depth of I/.J
is a natural combinatorial upper bound of depthg I/J and the above results give numerical
conditions to imply upper bounds of sdepthg I/J. When J = 0 the Stanley Conjecture holds
either when n < 5 by [9], or when [ is an intersection of four monomial prime ideals by [8], [10],
or when I is an intersection of three primary ideals by [18], or when [ is an almost complete
intersection by [3].

Let r be the number of the square free monomials of degree d of I and B (resp. C) be the
set of the square free monomials of degrees d + 1 (resp. d +2) of I'\ J. Set s = |B|, ¢ = |C].
If either s > r+¢q, or r > ¢, or s < 2r then sdepthg I/J < d+ 1 and if the Stanley Conjecture
holds then any of these numerical conditions would imply depthg I/J < d + 1. In particular
this was proved directly in [13] and [15].

Now suppose that I is generated by one variable and some square free monomials of degrees
> 2. Tt is the purpose of our paper to show that almost always if sdepthg I/J < 2 then
depthg I/J < 2 (see our Theorem 1.10). It is known already that sdepthg I/J < 1 implies
depthg I/J <1 (see [12, Theorem 4.3]) and so our Theorem 1.10 could be seen as a new step
(small but difficult) in the study of Stanley’s Conjecture.

1 Stanley depth of some square free monomial ideals

Let I 2 J be two square free monomial ideals of S. We assume that I, J are generated by
square free monomials of degrees > d, resp. > d + 1 for some d € N. As above B (resp. C)
denotes the set of the square free monomials of degrees d + 1 (resp. d+2) of I\ J.

Lemma 1.1. Suppose that d =1, I = (x1,...,x,) for some 1 <r <n and J C I be a square
free monomial ideal generated in degree > 2. Let B be the set of all square free monomials of
degrees 2 from I\ J. Suppose that depthg I/(J + ((x;) N B)) =1 for some r < j < n. Then
depthg I/J < 2.

Proof: Since I/(J+ ((x;) N B)) has a square free, multigraded free resolution we see that only
the components of square free degrees of

Tory_y (K, 1/(J + (23) N B))) 2 Hy-1(231/(J + (2;) N B))

are nonzero. Thus we may find z = Y./, yziepp iy € Kno1(z:I/(J + (2;) N B), i € K
inducing a nonzero element in H,,_1(z;1/(J + (z;) N B). Here we denoted e, = Ajc, e; for a
subset 7 C [n]. Then we see that

7= Z?Jﬂz‘e[m]\{i,j} € Ky o(x;1/J)

i=1

induces a nonzero element in H,_s(x;1/J). Thus depthgI/J < 2 (see [1, Theorem 1.6.17]).
O
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Example 1.2. Let n =4,r =2, d=1,I = (z1,22), J = (z122), B = {z123, T124, X223, T2T4 }.
Then F = I/(J + (1) N B) = (z1,22)/((x1) N (22, z3,24)) has sdepth and depth = 1, but
depthg I/J = 3. Thus the statement of the above lemma can be false if j < r. More precisely,
depthg F' = 1 because z = x1e234 induces a nonzero element in Hs(z; F') but e; is not present
11 €9234.

Proposition 1.3. Suppose that I C S is generated by {x1,...,x.} for some 1 < r < n and
some square free monomials of degrees > 2, and x;xixy, € J for alli € [r] andr <t < k < n.

Then depthg I/J < 2.

Proof: First suppose that I = (z1,...,2,). If there exists j > r such that depthgI/(J +
(x;) N B) =1 then we may apply the above lemma. Thus we may suppose that depthg I/(J +
(zj) N B) > 2 for all j > r. Assume that depthgl/J > 2. By decreasing induction on
r < t < n we show that depthg I/(J + (zt,...,2,)) N B) > 2. We assume that ¢ < n
and depthg I/(J + (2t41,...,2,)) N B) > 2, depthg I/(J + (x¢,...,2,)) N B) = 1. Set L =
(J+ (z) N B)N(J + (Tt41,---,2n) N B). In the following exact sequence

0= I/L—I/(J 4+ ()N B)BI/(J + (Tisrs--san) N B) = I/(J + (x4s. .. 20) N B) — 0

the last term has the depth 1 and the middle the depth > 2. By the Depth Lemma we get
depthg I/L = 2.

Remains to show that depthg I/J = depthg I/L. Note that there exist no ¢ € C' multiple
of z,x; for some r < t < j < n by our hypothesis. Thus L = J. Then it follows depthg I/J = 2
which contradicts our assumption. The induction ends for t = r + 1 and we get depthg I/(J +
(Zypg1,y---52n) N B) = 2; but this is not possible (see for example [12, Lemma 1.8]).

Now suppose that I = U + V, where U = (x1,...,2,) and V is generated by some square
free monomials of degrees > 2. In the following exact sequence

0—=U/(UNJ)=1/J—=T1/(U+J)—0

the first term has depth < 2 from above and the last term is isomorphic with V/(V N (U + J))
and has depth > 2 by [12, Lemma 1.1]. So by the Depth Lemma it follows that depth I/J < 2.
0

Example 1.4. Let n =4, [ = (z1,x2,23), J = (z123). Clearly, By =0,

B = {z1@9, 1124, Tox3, X224, 2324} and C = {z1xomy, xox324}. We have s =5, 71 =3, ¢ =2
and so s = r + ¢. Note that each c € C is a multiple of a monomial of the form z;z; for some
1 <i<j<3andso depthg I/J < 2 by the above proposition. On the other hand, it is easy
to see that z = x1e3 A eg — xoey A ez + xzer A es induces a nonzero element in Ho(z;1/J) and
so again depthg I/J < 2.

Lemma 1.5. If a monomial u of degree k from I\ J has all multiples of degrees k + 1 in J
then depth I/J < k.

Proof: Renumbering the variables © we may suppose that u = x;---2z;. Then we see that
wW(Trq1y ey Tn) =00 Anng u = (Tg41, ..., Tn) € Assg I/J. Thus depth I/J < k. d
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Lemma 1.6. Suppose that J C I are square free monomial ideals generated in degree > d + 1,
respectively > d and let V be an ideal generated by e square free monomials of degrees > d + 2,
which are not in I. Then sdepthg(I +V)/J <d+1 (resp. depthg(I +V)/J < d+ 1) implies
that sdepthg I/J < d+1 (resp. depthg I/J < d+ 1). For the depth the converse is also true.

Proof: By induction on e, we may consider only the case e = 1, that is V = {v}. In the
following exact sequence

0=1/J—>T+V)/J=>T+V)/I—=0

the last term is isomorphic with (v)/((v)NI) and has depth and sdepth > d + 2. Then the first
term has sdepth < d + 1 by [14, Lemma 2.2] and depth < d + 1 by the Depth Lemma. 0

Lemma 1.7. Suppose that I C S is generated by x1,...,x, and a nonempty set E of square
free monomials of degrees 2 in the variables xy41,...,2n, and sdepthg I/J = 2. Let x12; € B
for somet, r <t<mn, I' = (xa,...,2.) + (B\{z12¢}), J' = JNI" and P a partition of I' | J’
with sdepth 3. Assume that any square free monomial uw € S of degree 2, which is not in I,
satisfies z1u € J. Then

1. For any a € (EN (x¢)) with x1a & J the interval [a,z1a] is in P.

2 Ifc=mxx; ¢ J, r<i<j<n,ij#tand z12.2;, x1225 € J then b= c/zy € B and
if moreover x1b & J then c is not present in an interval [a,c], a € B of P.

Proof: Let a = x;x, be a monomial of B\ (x3,...,2,,x12;)) which satisfies z1a ¢ J. Suppose
that the interval [a,z1a] is not in P. Then there exists in P an interval [a, ¢] with ¢ € C. Thus
212, is in B and so in P there exists an interval [x12,,c], ¢ € C,. We replace the interval
[z12,,c'] by [21,x1a] to get a partition of I/J with sdepth > 3. However, such partition of I/.J
is not possible because sdepthg I/J = 2. Thus the interval [a, z1a] is in P.

Now, let ¢ be as in (2). We will show that b = ¢/x; € B. Indeed, if b ¢ B then b ¢
(21,...,x,) because otherwise b € J, which is false. Thus ¢ can enter only in an interval [a, ]
for let us say a = xix;. But this interval is not in P because a belongs to the interval [a, z1a].
Contradiction! Thus ¢ does not appear in the intervals of P. Replacing [a,x1a] with [a,c] in
P we get another partition of I’/J’ with sdepth 3, where the interval [a, z1a] is not present,
contradicting (1).

Moreover suppose that z1b ¢ J. By (1), ¢ can appear only in the interval [b, c] because we
have already the intervals [zix;, z1242;], [#12, 12:2;] in P. Then we cannot have an interval
[b, z1b] in P and so x1b could appear in the interval, let us say [z12;, 1b]. Certainly, it is possible
that z1b will not appear at all in an interval of P, but we may modify P to get this. Replace
in P the intervals [x12;, 21b], [b, ¢, [Trx;, x12:2;] by the intervals [b, 21b], [x:24, ], [x12:, T12424]
and we get another partition of I'/J" with sdepth 3 but without the interval [z:z;, x12:2;],
contradicting again (1). 0
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Lemma 1.8. Suppose that I C S is generated by x1 and a nonempty set E of square free
monomials of degrees 2 in xa,...,x, and sdepthg I/J = 2. Assume that x1a ¢ J for alla € E
and any square free monomial u € S of degree 2, which is not in I, satisfies x1u € J. Then
depthg I/J < 2.

Proof: Apply induction on |E|. If |E| = 0 then C'N (z1) = ) and the conclusion follows from
Lemma 1.5. Let 1 < ¢ < n be such that x12; € B. Set I, = (B \ {z12¢}) and J; = JN ;. In
the exact sequence

0—-L/J;—=1/J—=1/J+1;—0

the last term has depth > 2 because it is isomorphic with (x1)/(z1)N(J+1;) and z12¢ & J+ 1.
If sdepthg I;/J; < 2 then we get depthg I;/J; < 2 by [12, Theorem 4.3]. Applying the Depth
Lemma we get depthg I/J < 2.

Thus we may assume that sdepthg I;/J; > 3 for all 1 < t < n such that x12; € B. Let
P = P; be a partition of I;/J; with sdepth = 3. By the above lemma the intervals [a;, z1a;],
1<j<karein P.

Let b= zz; € E, t < i <n. Suppose that there exists ¢ € C'\ (z1) such that b|c = z,x;x;.
If there exists another b’ € E such that b’|c then according to the above lemma (applied possible
for different ¢) the third divisor of degree 2 of ¢ is in E as well. We know that zia ¢ J for
all @ € F and so from the above lemma (2) ¢ is not present in an interval [a,c|, a € B of P;.
Replacing [b, z1b] with [b, ] we get a contradiction with (1) from the above lemma. It remains
that b is the only divisor of ¢ from I with degree 2. Set I' = (I'\ {b}) and J' = J NI’ In the
exact sequence

0—=1I')] —=1/]J—=1I/J+I —0

the last term has depth > 2 because it is isomorphic with (b)/(b) N (J + I’) and has sdepth = 3
since [b, ] is the only interval of the poset of I/J + I’ starting with a monomial of degree < 2.
By [14, Lemma 2.2] we have sdepthg I’/J’ < 2 and so by the induction hypothesis on |E| we
have depthg I’/J" < 2. Applying the Depth Lemma we get again depthg I/J < 2.

Suppose now that for all b € E there is no ¢ € C'\ (z1) such that bjc. Thus |C| = |E| and
by [13] we get depthg I/J < 2 because |C|+ 1 < |E|+2 < |B|. d0

Proposition 1.9. Suppose that I C S is generated by x1 and a nonempty set E of square free
monomials of degrees 2 in xa,...,x, and sdepthgI/J = 2. Let E' = {a € E : z1a € C} and
E" = E\ E'. Assume that any square free monomial uw € S of degree 2, which is not in I,
satisfies x1u € J and one of the following conditions holds:

1L |E" < |C\ (a1, EY)
2. |E"| > |C\ (z1,E")] and |B| # |C| + 1.
Then depthg I/J < 2.

Proof: If E” = () then we apply the above lemma. Apply induction on |E”|. If E/ = () then
C N (z1) = 0 and the conclusion follows from Lemma 1.5. Let E” = {as,...,ar}, kK > 0. The
idea of the proof of the above lemma can be applied here reducing our problem to the case
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when (C'\ (1)) C (E"”). Indeed, if ¢ € (C'\ (z1)) is not in (E") then ¢ € (V') for some V' € E’
and it follows that b’ is the only divisor of ¢ from I with degree 2. Since sdepthg I/J < 2 we
see as above that depthg I/J < 2.
Choose b € E' and t, 1 < ¢ < n such that z4|b. Set I' = (B\ {z12}), J' = JNI'. In the
following exact sequence
0=I')] =1I/J—=I/I'+J)—0

the last term is isomorphic with (z1)/(z1) N (I’ 4+ J) and has depth > 2 because z12¢ & (I'+ J).
If sdepthg I'/J" < 2 then by [12, Theorem 4.3] we get depthg I’/J’ < 2 and using the Depth
Lemma it follows depthg I/J < 2.

Thus we may suppose that sdepthg I'/J" > 3 and let P = P be a partition of I'/J" with
sdepth 3. P must contain [a;, ¢;], j € [k], ¢; € C' and some other intervals.

We may suppose that ¢; € (E’) if and only if p < i < k for some 0 < p < k. Moreover, we
will arrange to have as many as possible ¢; outside (E’). If ¢ € (C'\ (z1)) is a multiple of let us
say apy1, but ¢ & (E’), we may replace in the above intervals ¢,4+1 by ¢, the effect being the
increasing of p. Thus after such procedure we may suppose that either p = k, or there exist no
cin (C\ (z1,¢1,...,¢p)) N (Apt1, ..., axr) which is not in (E').

If p = k then set I" = (21, E’), J” = I" N J and see that in the exact sequence

0—=1"J"—1)J—=1/I"+J)—0

the last term is isomorphic with (E")/(E") N (I” + J) and has sdepth 3 because the intervals
laj,c;], j € [k] gives a partition with sdepth 3. Then sdepthg I”/J"” < 2 by [14, Proposition 2.2]
and we get depthg I /J” < 2 by Lemma 1.8. Using the Depth Lemma it follows depthg I/.J < 2.

Next suppose that p < k. Then (C\ (z1,¢1,...,¢)) N (Gpt1,...,ax) C (E'). We may
choose ci,...,c, from the beginning (it is possible to make such changes in P) such that
e=1{t:¢ & (aps1,...,ax)}| is maxim possible and renumbering a;, j < p we may suppose
that ¢; & (ap+1,-..,ax) if and only if i € [e] for some 0 < e < p.

Suppose that there exists ¢ € C \ (z1,¢1,...,¢p) such that ¢ ¢ E’. Then ¢ is not in
(@p+1,--.,ar) and necessary ¢ € (a1,...,a,). Assume that ¢ € (a;) for some i € [p|. If i > e
then ¢; € (ap+1,...,ax), let us say ¢; € (a;) for some j > p and we may change ¢; by ¢; and
replace ¢; by ¢ increasing p because ¢; ¢ E’. This is not possible since p was maxim given.
Thus ¢ < e and so e > 0. If ¢; € (Get1,---,ap), let us say ¢; € (a,) then we may replace ¢, by
¢; and ¢; by ¢ increasing e which is also not possible. Thus ¢; & (Get1,--.,ap).

Then set I, = (z1, B\ {a1,...,a.}), Joe = I. N J. In the exact sequence

0—=1./Je—I1/J—=1/I.+J)—0

the last term has sdepth 3 because we may write there the intervals [a;, ¢;], ¢ € [e] since ¢; & I.
By [14, Proposition 2.2] it follows that sdepthg I./J. < 2 and so depthg I./J. < 2 by induction
hypothesis on |E”|. Using the Depth Lemma it follows depthg I/J < 2.

Now suppose that there exist no such ¢, that is C'\ (z1,E’) = {c1,...,¢p}. Thus p =
|C'\ (z1, E')| and so we end the case when the condition (1) holds. Assume that the condition
(2) holds, in particular k > p and s = |B| # 1 + ¢ for ¢ = |C|]. If s > 1 + ¢ then we end with
[13]. Suppose that s < 1+ ¢q. Then there exists a ¢ € C' which does not appear in an interval
b, cy] for some b € (B\ {x12:}). Note that ¢ cannot be a ¢; for j € [p] and so ¢ € (E’), let us
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say ¢ € (a) for some a € E’. Let j be such that x;|a. We have z1z; € B and there exists as
above a partition P; with sdepth 3. Let I, = (B\ {a}), J, = I, N J. We see that P; induces a
partition P, of I,/J, with sdepth 3 replacing the interval [a, z1a] from P; with [z12;, z14].

In P, there is an interval [z, 21aY] for some af = xi2; € E'. We have af # a because
otherwise we may change in P; the interval [af,z1a]] by [a],c], which is false. Then there is
in P, an interval [af,c]]. If ¢/ is not a ¢, as above then we may replace in P; the interval
[}, z1a]] by [af,c]], which is again false. Thus ¢/ = ¢p, for some by € (B \ {z12¢}). If by = a
we may replace in Py the intervals [af,x1a]], [b1,c]] by [af,c]], [b1,¢], which is false. Then
there is in P, an interval [by, ¢4]. By recurrence we find in P, the intervals [z, z1af], [af, ¢{],
[aF, 5], ... which define a partition P,, where ¢ is not present in an interval [b, c], b € (B\ {a}).
Adding the interval [a, c] to P, we get a partition P’ with sdepth 3 of Ig/Jp, where Iz = (B),
Jp = IpNJ. But then we replace in P’ the intervals [x12, z1a], [z124, x10”] by [21, 210]] and
we get a partition of I/J with sdepth 3. Contradiction! 0

Theorem 1.10. Suppose that I C S is generated by x1 and a nonempty set E of square free
monomials of degrees 2 in xa,...,x, and sdepthg I/J = 2. Let E' = {a € E : x1a € C} and
E" = E\ E'. Assume that one of the following conditions holds:

1L|E" < |C\ (1, EY)
2. |E"| > |C\ (z1,E")| and |B| # |C| + 1.
Then depthg I/J < 2.

Proof: We may assume n > 2 and there exists ¢ = z1x,_1x, € J after renumbering the
variables x, otherwise we apply Proposition 1.3. Then z = x,_12, & J.

First suppose that we may find ¢ with z & I. Set I' = (B\ {z12p—1,z12,}) and J' = I'NJ.
Then necessary B 2 {x12,-1,212,} and so I’ # J' because otherwise sdepthg I/J = 3. Note
that no b dividing ¢ belongs to I’ and so ¢ & (J + I'). In the following exact sequence

0=I')] =1/J—=I/I'+J)—0

the last term has sdepth > 3 since [z1,¢] is the whole poset of (z1)/(z1) N (I' + J) except
some monomials of degrees > 3. It has also depth > 3 because z,_1z, & ((J +I’) : 21). The
first term has sdepth < sdepthg I/J = 2 by [14, Lemma 2.2] and so it has depth < 2 by [12,
Theorem 4.3]. It follows depthg I/J < 2.

Next suppose that there exist no such ¢, that is any square free monomial v € S of degree
2, which is not in I satisfies zyu € J. We may assume that C C (z1, B) by Lemma 1.6. Now
it is enough to apply Proposition 1.9. 0

Example 1.11. Let n = 3, r = 1, I = (x1,2223), J = 0. We have ¢ = xj2023 ¢ J and
xoxs € I. Note also that sdepthg I = depthg I = 2.
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