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Abstract

In this paper we survey some results related to residual transcendental extensions of
valuations, irreducible polynomials over a local field, and trace series associated to suitable
transcendental elements over p—adic fields.

Key Words: Residual transcendental extensions, irreducible polynomials, trace
series, local fields.
2010 Mathematics Subject Classification: Primary 11505, Secondary 11S80.

1 Introduction

In the present paper we discuss some results concerned with residual transcendental extensions
of valuations, irreducible polynomials over a local field, and trace series associated to suitable
transcendental elements over p—adic fields. In the process we describe two ideas of Professor
Nicolae Popescu which connect the above three different topics. Given a field K and a valuation
v on K, the r.t. (residual transcendental) extensions of v to K(X) have been considered by
Nagata [14] in connection with some problems in field theory. In [14] it was conjectured that if
w is an r.t. extension of v to K(X), then the residue field k,, of w is a simple transcendental
extension of a finite algebraic extension of k,, the residue field of v. Nagata’s conjecture was
proved by Ohm (see [15], [16], [17]) and independently it was proved in [25]. Further questions on
r.t. extensions have been considered in the above mentioned papers by Ohm. He also made three
natural conjectures concerned with ramification indices and residual degrees. Ohm’s conjectures
were proved in [6] as consequences of a theorem established in the same paper, which provides
one with a very satisfactory description of r.t. extensions of a valuation. Further results on the
same subject have been obtained in [7] and [8]. One of the ideas of Professor Popescu mentioned
above was that the theory of r.t. extensions of valuations developed in these papers offers us
a way to construct irreducible polynomials over a local field from irreducible polynomials of
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smaller degree by a certain procedure which also involves lifting polynomials defined over the
residue field to polynomials defined over the local field. This idea was employed in [27], were
a description of irreducible polynomials over a local field was provided. The theory developed
in this paper led to further investigations in various directions. One of them was the study
of saturated distinguished chains over a local field. Such chains were introduced by Okutsu in
[18], [19] and independently in [27], and further studied in [9], [23], [24], [28] and in a series of
papers by Ota [20], [21], [22]. The second idea of Professor Popescu mentioned above was to
use saturated distinguished chains associated to certain transcendental elements over a p—adic
field in order to construct power series whose role would be analogous to the role played by
minimal polynomials associated to algebraic elements. In this connection, a natural question is
to define and study a notion of trace for certain elements in the topological closure C, of a fixed
algebraic closure @p of the field Q,, of p —adic numbers, which are transcendental over Q,. This
question was addressed in [10], and later studied also in [26]. A natural way to define a notion
of trace for certain elements 7" in C, which are transcendental over @Q, is via an integral over
the Galois orbit of T'. This naturally leads to various questions concerned with these Galois
orbits. For further work in this area the reader is referred to [1], [2], [3], [4], [5], [11], [12], [13],
[29].

2 Residual transcendental extensions of valuations

Here and in the next sections we very briefly describe a few of the main concepts and results
mentioned in the Introduction. Let K be a field and v a valuation on K. We denote by k,
the residue field, by I', the value group and by O, the valuation ring of v. If x € O, we
denote by z* the image of z in k,. A valuation w on the field of rational functions K(X) is
said to be a residual transcendental (r. t.) extension of v if it is an extension of v and k,, is
a transcendental extension of k,. For any r € K(X), r ¢ K , denote degr = [K(X) : K(r)].
We also let deg(w/v) denote the least positive integer n for which there exists an r in O,, of
degree n and such that r* is transcendental over k,. Also, one shows that I', has finite index
in I',,. We denote this index by e(w/v). We also let k denote the algebraic closure of &, in k.
One shows that k is a finite extension of k,. We denote the degree of this extension by f(w/v).
Ohm [17] proved the following inequality. For any r.t extension w of v,

deg(w/v) > f(w/v)e(w/v). (2.1)
Let K be a fixed algebraic closure of K and let © be a fixed extension of v to K. If w is an
extension of v to K (X), then there exists an extension w of w to K (X) such that w is also an
extension of ¥. If moreover w is an r.t. extension of v, then w is an r.t. extension of . One
shows that there exist a € K and § € I'; such that for any f(X) € K[X], if one writes f(X) in
the form
fX)=a+a (X —a)+ -+ a, (X — )",

then one has

B(f(X)) = inf(v(a;) + 79).

One calls such a pair (a,d) a pair of definition for w. One also says that w is the valuation
defined by inf, ¥, o and §. By a minimal pair of definition for w one means a pair of definition
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(v, 0) for which the degree [K(«) : K] is minimal. The main result from [6], which was the
basis for some further work in this area, is the following theorem (see Theorem 2.1. and its
corollaries in [6]):

Let v be a valuation on K and let w be an r.t. extension of v to K(X). Then there exists a
pair of definition («,d) for w such that:

a) If we denote [K(«) : K] = n, then for any polynomial g(X) € K[X] of degree deg g(X) <
n, one has

w(g(X)) = v(g(@))-

b) Denote by vy the restriction of v to K(«). Let f(X) be the monic minimal polynomial of
a over K, let v =w(f(X)) and let e = e(y, K(«)) be the smallest positive integer for which ey
belongs to Ty, . There exists [(X) € K[X] with degl < n such that if r = f¢/l, then w(r) =0
and r* is transcendental over k,.

¢) One has the equalities

deg(w/v) =n-e(y, K(a));  e(w/v) = e(vi/v)e(y, K(a)).

d) The residue field k,, can be canonically identified with the algebraic closure of ky in k,,
and

flw/v) = f(v1/v).

e) One has
kw = ko, (7).

As consequences of the above theorem we mention the following three cases where, as con-
jectured by Ohm, the inequality (2.1) becomes an equality.
If v is Henselian and char k, = 0, then

deg(w/v) = f(w/v)e(w/v). (2.2)
If v is of rank one, and char k, = 0, then

deg(w/v) = f(w/v)e(w/v). (2.3)
If v is of rank one and discrete, then

deg(w/v) = f(w/v)e(w/v). (2.4)

3 Irreducible polynomials over a local field

A description of irreducible polynomials in one variable over a given local field was obtained
in [27]. The connection with the theorem from the previous section is as follows. Suppose K
is a field, complete with respect to a rank one and discrete valuation v. In order to produce
irreducible polynomials over K, one may take an arbitrary r.t. extension w of v to K(X) and
apply the above theorem. One may take a monic irreducible polynomial G(Y) # Y defined over
the algebraic closure of the residue field &, in k,, and lift G(Y") to a polynomial g(X) defined
over K. Here the general idea is to consider the element G(r*) in k,, (r*) = k, then lift 7* to
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r and also lift each coefficient of G. These coefficients can be lifted to algebraic elements, more
specifically to elements of K(«), but can also be lifted to polynomials (or rational functions)
in X over K of degrees strictly less than [K(«) : K]. At the same time r is a rational function
in X over K. One can then combine these individual liftings to a lifting of G(r*) to a rational
function of the form ¢/I™ for some monic polynomial g(X) in K(X) of degree em deg f, where
e, f(X),l(X) are as in the theorem from the previous section, and m = deg G. Then Theorem
2.1 from [27] states the following:

With the above notations, if G(Y') is irreducible, then any lifting g(X) of G is irreducible
over K.

A pair (a,b) of elements from K is said to be a distinguished pair if the following conditions
hold:

(i) dega > degb,

(ii) Ifce€ K and degc < dega, then v(a — ¢) < v(a — b),

(iii) If c € K and degc < degb, then 5(a — ¢) < v(a — b).

Here the degrees are over K. Next, given irreducible polynomials f and g over K, one says
that (g, f) is a distinguished pair provided there is a root a of g and a root b of f such that
(a,b) is a distinguished pair.

Theorems 3.1 and 3.2 in [27] show that there is an intimate connection between the notion
of distinguished pairs of polynomials and the lifting procedure described above. Theorem 3.1
states the following:

Notations being as above, if w is an r.t. extension of v to K(X), if G(Y) #Y is a monic
irreducible polynomial over the algebraic closure of k, in ky,, and if g is a nontrivial lifting of
G as above, then (g, f) is a distinguished pair of polynomials.

Theorem 3.2 shows that any distinguished pair of polynomials arises in this way. More
precisely:

Let (g, f) be a distinguished pair of polynomials over a local field K and let a be a root of g.
Let b be a root of f for which (a—Db) is largest. Let § = 9(a—Db), and let w be the r.t. extension
of v to K(x) having (a,0) as a minimal pair of definition. Then g is a lifting with respect to
w of a certain monic irreducible polynomial G(Y) # Y with coefficients in the algebraic closure
of ky in k.

For a more detailed presentation and for proofs of these and other results on this topic, the
reader is referred to [27].

4 Trace series over p—adic fields

Let p be a prime number, and let C,, be the topological closure of a fixed algebraic closure @p
of the field Q, of p — adic numbers. Let 17" be an element of C, which is transcendental over
Qp. The element T can be approximated in various ways by elements which are algebraic over
Qp. One particularly good way to do this is to approximate 1" by a sequence of elements in @p
which converges to T and has the property that any two consecutive elements of the sequence
form a distinguished pair. Say (., )nen is such a distinguished sequence for T'. Next, there is
a well defined notion of trace for algebraic elements. To be precise, for any « in @p and any
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finite field extension L of Q, containing o, we may consider the ratio

_ Trpg,(a)
Tr(a): .0
This expression depends on «, but it is independent of the choice of the finite field extension L
of Q, containing «. Here Tr(«) is not the sum, but the arithmetic mean of the conjugates of
a over Q,. Returning to the sequence (o, )nen, with T7(a,) well defined for each n, one may
then try and define a notion of trace of T' by letting
Tr(T) := lim Tr(ay,),
n—oo

provided the limit exists. For some classes of transcendental elements T" over Q, it is proved
that the above limit exists, and is independent of the choice of the sequence (o, )nen-, see [10].
An alternative way to define a notion of trace for some classes of elements of C, which are
transcendental over Q, is as follows. Denote by G the group of all continuous automorphisms
of C, over Q,. The group G is canonically isomorphic to the Galois group Gal(@p /Q,). For
any T € C,, denote by O(T') the set of all conjugates of T" with respect to G. The group G
acts continuously on C,, and the natural map G — O(T') which sends any ¢ € G to o(T)
is continuous and defines a homeomorphism between G/H(T') and O(T), where H(T) is the
stabilizer of T. In such a way, O(T') is endowed with a Haar measure. This Haar measure has
real values, which are rational numbers, and one can view them as being p—adic numbers. So
one can view this measure as being a p—adic Haar measure, denoted by mp. One then defines
the trace of T' as the integral with respect to mp of the canonical embedding O(T') — C,,

Tr(T) = /O VAT,

provided this integral exists. The problem of existence of this integral was investigated in [26].
The trace Tr(T') does not always exist. However, when T'r(T') exists, it has similar properties
to the usual trace of algebraic elements. If Tr(T™) exists for all n > 1, then one defines the so
called trace series
F(T,2)=1+)Y _ Tr(T™")Z".
n>1

This series provides an example of an equivariant rigid analytic function. For more details
and further work on this topic the reader is referred to the papers cited at the end of the
Introduction.
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