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Abstract

We associate to a given 2-category R a new 2-category Bimon(RK), whose 0-cells are the
bimonads in 8. We show that this construction defines an endofunctor of the category
2-CAT of all 2-categories, which is represented by a certain 2-category Bimon.
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Introduction

Bimonads and Hopf monads have been introduced and investigated in [ , W]. In this note
we are going to show that bimonads make sense in an arbitrary 2-category. Furthermore, for
any 2-category & we shall prove that the bimonads in K define a new 2-category Bimon(RK), so
that the mapping

£ — Bimon(R)

is an endofunctor of 2-CAT, the (large) category of all 2-categories. In the main result of the
paper we shall prove that this 2-functor is representable, in the sense that there are a 2-category
Bimon and an isomorphism of 2-categories

[Bimon, ] ~ Bimon(K),

which is natural in &. Here, [, £] denotes the 2-category of all strict 2-functors between the
2-categories K and K. We also prove a similar result for Hopf monads.

1 Bimonads in a 2-category.

Throughout this paper K will denote a given 2-category. Recall that a 2-category is by definition
a category enriched in the category of all categories. In other words, a 2-category is given by
a class of objects (0-cells), morphism between objects (that are called 1-cells) and morphism
between morphisms (that are called 2-cells). The 0-cells will be denoted by capital letters X, Y,
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X', etc. The 1-cells will also be denoted by capital letters, e.g. F': X — X’. We will say that
X and Y are the source and the target of F. For 2-cells we will use the notation o : FF = F”.
The 1-cells F' and F’ will be called the source and the target of a. To each 0-cell corresponds
an 1-cell Idx, the identity of X. Similarly, for every 1-cell F' we can speak about the identity
of F, which is a 2-cell denoted by Idp.

As in an usual category 1-cells can be composed. If there is no danger of confusion, for the
composition F oG of two 1-cells we will write F'G. On the other hand, 2-cells can be composed
horizontally and vertically with respect to the operations that will be denoted by o and e. To
simplify the notation we shall write Fa and oG instead of Idp o a and a o Idg, respectively
(of course, whenever these compositions make sense). For details on 2-categories the reader is
referred to [LR, S1, 52].

We start by recalling some well-known definitions that we will need later on.

1.1 (Monads in £.) A monad in £ consists of a O-cell X, an 1-cell T : X — X and a pair
of 2-cells m : TT = T and u : Idx = T (the multiplication and the unit of the monad), such
that the following equalities hold

meTm =memT, (1)
meTu=Idpr=meuT. (2)

A morphism between two monads (X, T, m,u) and (X', 7", m’,u) consists of a pair (F, o),
where F': X — X’ is an 1-cell and o : T'F = F'T is a 2-cell such that the following identities
hold:

FmeoT eT'c=cem'F, (3)
ceu'F = Fu. (4)

1.2 (Comonads in £.) Comonads in a 2-category are defined by duality. Therefore a comonad
consists of a 0-cell X, an 1-cell S : X — X and a pair of 2-cells 6 : S = SS and e : S = Idx
(the counit and the comultiplication of the comonad), such that the following equalities hold:

Soed=05e0, (5)
eSed=1Ids=Sced. (6)

A morphism of comonads from (X, S,4,¢) to (X’,5,8,¢') is a pair (G, 7), where G : X — X’
is an 1-cell and 7: S’G = GS is a 2-cell such that the following identities hold:

7SeS'Te8'G=Gler, (7)
GeeT =¢€'G. (8)

1.3 (Bimonads in £.) To define a bimonad in & we need a monad (X,H,m,u) and a
comonad (X, H,d,¢) in R. Note that these structures share the same 0-cell X and the same 1-
cell H. Of course, in addition these structures has to be compatible in a certain sense. In order
to state the compatibility condition we need the definition of entwining maps. Let (X, T, m,u)
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and (X, S,6,¢) be a monad and a comonad, respectively. A 2-cell A : T'S = ST is an entwining
structure if the following four conditions hold:

SmeXT eTA=\emS, 9)
SAe S eTd =0Te (10)
cleX=Te, (11)
AeuS = Su. (12)

Now we can say what a bimonad in £ is. Namely, the sextuple (X, H,m,u,d,¢) is a bimonad if
(X, H,m,u) is a monad, (X, H,§,¢) is a comonad and \ : H? = H? is an entwining structure
that satisfy the following conditions:

i) The unit « is a morphism of comonads from (X, Idx, Idr4y,Idray) to (X, H,6,¢), ie.
Jeu=uou, (13)
cou=1Idrg,. (14)

ii) The counit ¢ is a morphism of monads from (X, H,m,u) to (X, Idx,Idri,,Ida, ), i.e.
cem=coc. (15)

Note that the condition expressing that e is compatible with the unit u is equivalent to
(14). Consequently, it was omitted.

iii) The following identity hold:
Jem=Hme)\H e HJ. (16)
A pair (F, o) is a morphism of bimonads from (X, H, m,u,d,&, \) to (X'7 H m' W, ¢e, /\')
if it is a morphism of monads and comonads, and the following identity holds:
FlecHeH oc=cHeH ce)F. (17)

1.4 (The 2-category Bimon(f).) Let K be a 2-category. We are going to define a new 2-
category, whose 0-cells are the bimonads in &. By construction, the 1-cells in Bimon (&) are the
morphisms between arbitrary bimonads in K. A 2-cell a: (F,0) = (G, 7) in Bimon(RK), where

(F,o)
<X7 H? m? u? 6’ 8’ A) —_— (Xl, Hl? m/7 u/’ 6/’ El? A,) )
(G,7)
is a 2-cell a : FF = G in R such that
aHeo=rT1eH . (18)

To simplify the notation, we will write (co)monads and bimonads as pairs, whose components
are the corresponding O-cells and 1-cells (we will omit all other underlying structures). For
example, if there is no danger of confusion, the monad (X, T, m,u) will be denoted (X, T).
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By definition, the composition of two morphisms in Bimon(RK)

(F o) (G T)

(X,H)—— (X',H') —— (X", H") (19)
is given by:

(G,7)o (F,0) = (GF,Go e TF). (20)

Clearly, for every bimonad (X, H), the pair (Idx,Idy) is a morphism of bimonads, that will
be called the identity of (X, H). For the 2-cells o and 8 in Bimon (K)

/(F’J)\ /—(Gﬂ—)\
(X, H) Ja (X', H') 4B (X", H"), (21)
\(F',J')/ \(G’,T/)/

we define the horizontal composition o« : GF = G'F’ as follows:
Boa:=pBF eGa=G aefF. (22)

Note that the second equality holds as R is a 2-category, so the above definition makes sense.
Now, let us consider the 2-cells o : (Fyo0) = (F’,0’) and & : (F',0') = (F",0”) in
Bimon(RK), where (F,o), (F',0’) and (F”,0”) are some morphisms of bimonads as in the
figure below:

(Fcr)\
(X,H) —(F'0')— (X',H'). (23)
\F” ,//

We define the vertical composition of ¢’ and a in ‘Btmon (R) to be o’ e« (the vertical composition
of o/ and « regarded as 2-cells in &). The identity 2-cell of (F, o) is by definition Idp.

Theorem 1.5 The above constructions define a 2-category that we shall denote by Bimon (K) .

Proof: We must check that the above constructions are well-defined. First we prove that,

for two morphisms of bimonads as in (19), the composition (GF,Go e 7F) is also a mor-

phism of bimonads from (X, H) to (X", H"). Let m,m' and m” denote the multiplications

n (X,H),(X',H') and (X", H"), respectively. We have

(GoeTF)em'"GF =GoeGm'FerH'F e H'TF

=GFmeGoHeGH ceTH' Fe H'TF
=GFmeGoH eTFH e H'Goe H'TF
=GFme|(GoeTF)H|e[H" (GoeTF)|.

Note that for the first and the second equalities we used the relation (3), written for 7 and

o, respectively. To deduce the last two equalities we used the interchange law in K. The
compatibility with the units u, v, u” follows by the computation below:

(GoeTF)eu/'GF =Goe|(Teu"G)F|=GoeGu'F =G (ceu'F)=GFu.
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By duality one shows that (GF,Go e F'7) is a morphism of comonads. In order to prove that
this pair is a morphism of bimonads we still have to check that the identity (17) holds. Indeed,

(GoerF)H| e [H" (GoerF) e N'GF 2 GoH o GH's o TH'F ¢ H'7F ¢ X'GF
B GoH o GH'o 0 GNF o TH'F o H'7F

© GF)NeGoHeGH ceTH' Fe H'TF

D) GFX\eGoH e rFH e H'Go e H'1F

=GF)\e[(GoeTF)H]|e[H" (GoeTF)].
In the above computations for (A) and (D) we used the interchange law, while (B) and (C) are
consequences of (17), written for 7 and o, respectively.
We now take a and 8 to be 2-cells in Bimon(K) as in (21). We claim that S o« is a 2-
cell between (GF,Go e 7F) and (G'F’',G'c’ e 7'F’), that is G'a @ fF = SF’ e Ga satisfies the
condition (18). Indeed, we have:

(Boa)H e (GoerH) D G'aH e BFH ¢ Go o 7F

B 'oHeG'oeBHF o 7F

(g) G/a_/ ° G/Hla ° T/F ° H///BF
D) G'o' e 7'F e H'G'cve H'BF
=(G'c’eT’'F')e H" (Boq).
In the above computation we used the definition of the horizontal composition in Bimon (&) to
deduce (A) and (D). In (B) and (D) we also used the interchange law. Finally, we got (C') by
applying the relation (18) twice.

Let a: (F,0) = (F',0’) and o : (F',0’) = (F",0") be 2-cells in Bimon (&), where (F, o),
(F',0") and (F”,0") are morphisms of bimonads with the same source and the same target.
Our aim now is to check that o/ e a is a 2-cell in Bimon (R), i.e.

(' ea)H)eag=0c"e(H"(Beq)).
Since o and a are 2-cells in Bimon (K), we get:
(d’ea)H)eoc=adHeaHeo=ad'Hec' e Ha=c"eHd e Ha=0"e(H (d'ea)).

Obviously, (Idx, Idy) satisfies the axioms of the identity 1-cell in a 2-category, for any bimonad
(X, H). Moreover, it is easy to see that and Idp is the identity 2-cell of (F, o), for every bimonad
morphism (F, o).

In order to show that the composition of 1-cells in Bimon (&) is associative we take three
composable morphisms (F, o), (G,7) and (H,d). By applying the relation (20) four times we
get

(H,0) o [(G,T)o (F,0)] =(H,) o (GF,GoeTF)=(HGF,HGo e HTF ¢ 6GF)
(HG,HT ¢ 6G) o (F,0)=[(H,0) 0 (G,7)] o (F, o).
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The horizontal composition in Bimon (K) is also associative. To check that we take the
2-cells o and f as in (21). If v : (H,8) = (H’,¢") is another 2-cell such that o (8 o a) exists,
then

(yoB)oa = (vG'e HB) F'e HGa = vG'F'e HBF' e HGa = vG'F' e H (BF' @ Ga) = yo(Boq).

The vertical composition in Bimon (R) is associative, as it coincides with that one in K. It
remains to show that interchange law holds in Bimon (R). We take the 2-cells  and 3 as in
(21). We assume that o/ and ' are other 2-cells in Bimon (8) such that 3 o o/, o’ e a and
(" @ 3 make sence. Therefore, the source of o/ and 8’ are F’ and G’, respectively. Let F”' and
G” be their targets. Since £ is a 2-category, the interchange law holds, so we have

G'o/ e BF = pod =BF" eGd.

Now we can prove that the interchange law holds in Bimon (8) too. Indeed, by the definition
of the horizontal composition in Bimon (&), and the fact the vertical composition in this 2-
category coincides to that one K, we get

(B'eB)o(a'ea)=[(8eB)F'|e[G(a'ea)=LF"eBF" eGa'eGa
=['F"eG'a/ e BF ¢« Ga = (ﬂ/oo/)o(ﬂoa).

In conclusion we have just proved that Bimon(R) is a 2-category. a

1.6 (The 2-functor Bimon(F).) Our goal now is to show that the construction of Bimon (R)
is functorial in R. More precisely, if 2-CAT denotes the (large) category of 2-categories with
strict 2-functors as morphisms, then the mapping

£ — Bimon (K)

defines an endofunctor of 2-CAT. We have already defined Bimon(—) on the objects of 2-CAT.
It remains to construct Bimon(F), for every strict 2-functor F: & — £.

Recall that a 2-functor § as above is given by a map §g : Rop— £9 and a family of functors
(8x,v)x,yes, where, for all O-cells X and Y,

Fxv: R(X,Y) = £(To(X),To(Y)).

The family (Fx,v)x,ves, is assumed to be compatible with the composition of 1-cells and with
the identity 1-cells. Therefore, to each 1-cell f : X — Y corresponds a unique 1-cell Fxy (f),
whose source and target are Fo (X) and Fo (Y'), respectively. It will be denoted by Fi (f).
Analogously, if « : f = g is a 2-cell such that f and g have the same source and the same
target, then we denote the 2-cell Fxy (a) : §1 (f) = F1 (9) by F2 (a).

We are going to associate to § a 2-functor

Bimon (F) : Bimon (K) — Bimon (L) .
We first define § := Bimon () on O-cells. Let (X, H,m,u,d,e,\) be a bimonad. We set
§0 (Xa Hamaua67ga)‘) = (30 (X) a'gl (H) 732 (m) 732 (U) 732 (6) ;3'2 (E) ;32 ()\)) -
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It is not difficult to see that this is a bimonad in £. For a morphism of bimonads in K, or
equivalently an 1-cell (F, o) : (X, H) — (X', H') in Bimon (R), we define:

$1 (F,0) = (§1(F),32(0))-

Hence §1 (F) : So (X) — Fo (X') and F2 (0) : F1 (H') 0 §1 (F) = F)oF1 (H). One shows

31 (
easily that § (F, o) is a morphism of bimonads in £ from § (X, H) to § (X', H').
For a 2-cell a: (F,0) = (G, 7) in Bimon (R), we put:

T2 (@) = F2 (a).

Clearly, §2 () : 1 (F) = §1(G) is a 2-cell in £. In fact by an easy computation one checks
that F2 («) is a 2-cell in Bimon (£) from F (X, H) to F (X', H').

Theorem 1.7 The above data define a 2-functor
Bimon (F) : Bimon () — Bimon (L) .
Proof: We have to show that
Sx.m),(x a7y Bimon (X, H), (X', H')) — Bimon ((Fo (X), 1 (H)), (Jo (X'), 51 (H")))

is a functor, and that the family of these functors is compatible with the composition of 1-cells.
In other words § is compatible with the compositions of 1-cells, and with horizontal and vertical
compositions of 2-cells. Let (F,o) and (G, ) be 1-cells as in (19). Their composition is defined
by the formula (20), so § maps (G, 7)o (F, o) to the morphism (F1 (GF),§2 (Go e 7F)). Since
§ is a 2-functor from R to £ , we get

(31 (GF), T2 (GoeTF)) = (§1(G) o F1(F),51(G)F2(0) @ F2 (1) §1 (1))
= (31(G),F2(7)) o (F1 (F), T2 (0)) -

This means that F is compatible with the composition of 1-cells. In order to prove the compat-
ibility of § with the horizontal composition of 2-cells we take o and § to be 2-cells as in (21).
In view of (22) and taking into account that § is a 2-functor, we have

To(Boa) =752 (BF eGa) =T, (BF)eF:2 (Ga) =F2 (8)F1 (F')eF1 (G) F2 (a) = Fa(B)oFa(a).
Suppose that a and o/ are 2-cells that can be composed vertically. Then, since § is a 2-functor,
To(wed)=F2(aea) =Fa(a)eFa ().

By construction § maps identity cells to identity cells, so § is a strict 2-functor indeed. To
conclude the proof of the theorem we have to show that

Bimon (F o &) = Bimon (F) o Bimon (F) and Bimon (Idg) = Idpimoen(s)-

Both relations are immediate consequences of the definitions. 0
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2 The main result.

In this section we prove our main result, stating that the 2-functor Bimon(—) is representable.
We will also establish a similar result for Hopf monads in a 2-category.

2.1 (The 2-category Bimon.) An useful method to produce new examples of 2-categories
is explained in [S2]. We will follow the terminology from loc. cit. To every 2-category £ one
associates in a canonical way a computad UR (the underlying computad of &, cf. [S2, p. 538]).
We obtain a functor U from 2-CAT to the category of computads. This functor has a left
adjoint F, which maps a computad T the free 2-category FI' of T, see [S2, p. 538|. Therefore,
for every computad I' and every 2-category R there is an one-to-one correspondence between
the morphisms of computads I' — UR and the strict 2-functors FT' — &.

Furthermore, an arbitrary 2-category £ can by quotient out modulo a congruence relation R.
One obtains a new 2-category £/ R such that the 0-cells and 1-cells in & and /R are identical,
but the 2-cells in the latter 2-category are the equivalence classes of those in the former one.
By construction, for every 2-category £, there is an one-to-one correspondence between the
2-functors /R — £ and the functors & — £ that maps equivalent 2-cells in £ to the same
2-cell in £.

We apply this strategy to construct the 2-category Bimon. For, we start with the computad
I’ that has an unique 0O-cell Xy and an unique 1-cell Hy : Xg — Xo. The 2-cells of T are:

mo : Hy = Ho, wg:Idx, = Ho, 60:Ho= Hj, ¢co:Hy= Idx,, Xo:Hj= Hj.

On the free 2-category FI' we impose the relations:

mg e (Homo) = mg e (moHp) , mo e (Houg) = 1g, = mg e (ugHp),
(Hodo) ® 5o = (50 Ho) @ do, (Hoeo) @ 60 = 15, = (e0Ho) @ do,
Ao @ (moHo) = (Homo) @ (A\oHo) ® (HoMo) , Ao @ (uoHo) = Houo,
(60Ho) @ Ao = (HopXo) @ (MNoHp) @ (Hodo), Ao @ (Hopeo) = eoHo,

50 My = (Homo) [ ] ()\0H0) (] (Hoéo) .
We define R to be the congruence generated by the above nine relations, and we set Bimon :=
FT'/R. The equivalence classes of the 2-cells myg, ug, etc. will be denoted by my, ug, etc.

2.2 (The 2-category [R, £].) It is well known that, for every 2-categories & and £, there is a
2-category [R, £] whose 0-cells are the strict 2-functors § : £ — £. The 1-cells of [8], £] are called
transformations. By definition, a transformation T: § — & isapair T = ({Tx} xcq, s {7F} peg,)
such that, for any X in £g and any F': X — Y,

TXso(X)—)Qio(X) and TFZQ51(F)OTX:>T)/O§1(F)

are an 1-cell and a 2-cells in £, respectively. The 2-cells 77 are natural in F, i.e. fora: F — F’
we have the following three relations:

TyFo (o) o Tp =Tp @ By (a) T'x, (24)
e =TS (F)e® (F')Tp, (25)
Trdx = Idry. (26)
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Let us assume that T = ({Tx}y . {7r}p) and T = ({T%} . {7%} ), where
T:F=3F and ¥ :7=73". (27)

Then, T o ¥ is the transformation whose first component is the family of 1-cells (T T'x) ey -
The second component of T o T is the family {yp}pcg, , where v is the 2-cell

vr = (Ty7r) e (TpTx). (28)

The 2-cells in [], £] are called modifications. If T = ({T'x } v, {7r}p) and & = ({Sx} v, {oF}p)
are two transformations between the 2-functors § and & then a modification I' : ¥ = G is a
family of 2-cells {T'x } v #y» Where I'x : Ty = Sx. The 2-cells I'x are assumed to satisfy the
following identity:

Fy%l(F).TF:O'F.ﬁl(F)FX (29)

Horizontal composition of two modifications is defined using the horizontal pointwise composi-
tion in K. componentwise. Therefore, if we take two modifications

T T’
\
5 /U F\ S, /il I 3//’ (30)
\5/ \ ~//

S

then IV oI' = {I'y o I'x } x5 - Similarly, for the transformations T, T’ and T”, with the same
source and the same target, and the modifications

r:\f¥—%and 2:%—- %" (31)
one defines the vertical composition by:
F.E:{FX.EX}XGQO' (32)

The identity 1-cell of a 2-functor § is the pair ({Idg(x)}X€Ro , {Id%’(F)}FGRl) . The identity
of a transformation T = ({Tx}x , {7r}p) is the family {Idry }xcgq, -

2.3 (The 2-functor O(RK) : [Bimon, K] — Bimon(K).) On O-cells (i.e. 2-functors) the 2-functor
O(R) is defined by

0 (R)o (3) = (8o (X0) . &1 (Ho) , 82(7o). §2 (o) , 52(80), 82 (o) , F2(No) ) -

Since (Xo,Ho,ff\lo,aO,go,go,}\\o) is a bimonad in Bimon and § is a strict 2-functor it follows
that © (R), (§) is a bimonad on R.Let T be a transformation between § and &. Since Bimon
has a unique 0-cell X, the first component of ¥ is a family with one element, namely the 1-cell
Tx,. The second component of T is a family indexed by the 1-cells of Bimon, which are T
=Ty... Ty (n-factors). Hence T = (Tx,, {71y }nen). We define

) (ﬁ)l (‘I) = (TXovTTo) :



236 Aura Bardes

Let us show that © (R]), (%) is a morphism of bimonads between © (8), (§) and © (), (&).
Since the family {TTOn }n is natural, in view of (24), we get:
Txogg(’fl\lo) o TTO2 =TTy o ®Q(mo)TXO.

On the other hand, by (25),

12 = (T1,81 (To)) ® (&1 (To) 713, ) -

Since the multiplications of (Fo (Xo),F1 (Ho)) and (&g (Xo) , &1 (Hp)) are F2(mg) and B (M),
it follows that © (R]), (T) satisfies the condition (3) for o = g, one proves that:

71, ® B2 (Uo) T'x, = T'x(F2 (Uo) ® T1dx,

Since 714y, = Idry, , cf. (26), and Fa (o) and 62(30) are the units of © (&), (§) and © (R), (&)
we deduce that © (R), () is compatible with the units of these bimonads. In conclusion,
© (8), (T) is a morphism of monads. One proves © (8), () is a morphism of comonads that
satisfies the relation (17). Thus © (R), (%) is a morphism of bimonads. We take now I' : T — &
to be a modification, where T and & have the same target § and source &. In Bimon there is
only one 0-cell Xy. Hence I is a family with one element I'x, : Tx, = Sx,, where T'x, and Sx,
are the 2-cells in K that define ¥ and &, respectively. We now set:

© (8), (1) = Ix,.

Clearly the condition (29) written for the modification I' and the condition (18) written for
a = I'y, are equivalent. Therefore, © (R), (I') is a 2-cell in Bimon. We claim that © (8]),
is compatible with the composition of transformations. Indeed, let T and ¥’ be two trans-

. L« / st _ . ) /
formations such that T'o ¥ exists. If T = (TXO, {TT§}neN) and ¥ = <TX07 {TTSL}HEN) :
then ¥’ o T is the pair whose first component is T&O Tx, and second component is the family
{TJI(OTT(]" *Tm T}n. We deduce that

S} (ﬁ)l (S/ o T) = (TA;(OTXOV (T&OTTO) b (T/TOTXO)) = (T)/(oaT/To) o (TXoaTTo)
=0 (8), (T)oO(R),(T).

Let us prove that © (f), is compatible with the horizontal and vertical composition. If I' and
3 are two modifications defined by I'x, and X x,, respectively, then:

6 (8), (N0 ) = Ty, 0 Sx, = O (), (T) 0 O (), ().

The compatibility with the vertical composition is proven similarly. Clearly, © (R) maps identity
cell to an identity cell, so we have just proven that © (8) is a strict 2-functor.

2.4 (The 2-functor A(R) : Bimon(K) — [Bimon, K].) Our goal now is to construct an inverse
of ©(RK). On objects A(R) is defined as follows. If (X, m,u,d,e, A) is a bimonad in K, then

Xo— X, Ho—H, mg—m, ugr—>u, ogr—9, egtr—re and Agr— A
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define a morphism of computads from I'y to UR. By the universal property of the free 2-category,
there is a unique 2-functor §’ : FT'y — K that lifts the above morphism of computads. Since
(X, H) is a bimonad, § factors through a 2-functor § from Bimon := FL'y/R to &, cf. the
definition of Bimon. Hence § is uniquely defined by the relations:

Fo(Xo) = X, F1(Ho) = H, Fa(mo)=m, Fa(to) =u, F2(60) =90, F2(50) =¢, F2(ho) = .
We set A(R)o (X, H) = §. For a morphism of bimonads (F, o) : (X, H) — (X', H') we define:
A(ﬁ)l (F, O') : A(ﬁ)o (X, H) — A(ﬁ)o (X/,H/)

as follows. Let § := A(R)o (X, H) and § := A(R)o (X', H'). We need a transformation from
§ to §F'. Since Xy is the unique 0-cell of Bimon and the 1-cell of this 2-category are H(, a

transformation from § to §’ is a pair (T, {TT('JH }nGN) . We take T := F', and we set Tldx, = Idr
and 77, = 0. Then, for n > 2, we define inductively 77 by using the relation (25). It is routine

to check that (T, {TTOn }neN) is a transformation, indeed. Thus, we define:

A(R)1 (Fro) = (F’ {TTo"}neN)

It is remains to construct A(R)2. Let o : (F,0) = (F’,0’) be a 2-cell in Bimon (R). We are
looking for a transformation from A(8); (F, o) to A(R); (F’,0’), which has to be a 2-cell in R
with source F' and target F’. Obviously, we take

A(R):2 (@) = a.

By definitions it is clear that A(R)2 («) is a 2-cell in [Bimon, &) . If (F, o) and (F’,0’) are two
morphism of bimonads that can be composed, then

A1 (F',0") o (F,0)) = A(R)1 (F'F,F'o e 0'F) = (F'F, {r1 )
where 77, = F'c e ¢’ F. On the other hand
AR (Fo) = (F iy} ) and AR (FL0) = (F {r ] ).

where %Fo — o' and Y1, = 0. Note that all TR, Yo and ’yépon are uniquely determined by
TTo> V1, a0d V7, cf. (25). As

(7 o} Vo (B {omp} ) = (FE{F ) 0 (i)} ).

in view of the foregoing remarks, if follows that A(8); is compatible with the compositions of
morphism of bimonads. Since A(8)s (o) = «, it is clear that A(R)s is compatible with the
horizontal and vertical compositions. The compatibility with the identity cells is also obvious,
so A(R) is a strict 2-functor.
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Theorem 2.5 The 2-functors A(R) and O(RK) are inverses each other, and they are natural in
R. In particular, the 2-category Bimon represents the functor

Bimon(—) : 2-CAT — 2-CAT.
Proof: Let us show that ©(R)o A(R) is the identity functor of Bimon(K). If (X, H) is a bimonad
on R, we have:
(O (8)y o A(R)o] (X, H) = O (R) () = (o (Xo),F1 (Ho)),

where § = A(R)o (X, H) . But § is the unique 2-functor with source Bimon and target & such
that §o (Xo) = X and §1 (Hp) = H. If m is the multiplication of (X, H) then §2(mo) = m, by
the definition of § = A(R)o (X, H) . Similar relation hold for the unit, comultiplication, counit
and entwining structure. This shows that

O (R)g o A(R)o = Idsimon(s),

We now take a morphism (F, o) of bimonads.
[©(R), 0 AR (F.0) = 0 (), (F{rry},) = (Form).

where {TT(;»}n is uniquely defined such that 77, = 0. Hence © (), is a left inverse of A(R);.
The identity
S} (ﬁ)z 0 A(ﬁh = Id‘Bimon(ﬁ)2

is trivial, as both © (R), and A(8)2 map a 2-cell to itself. On the other hand, if § : Bimon — K&
is a 2-functor then:

[A(R)o ©© (R)o] () = A(R)o (X, Hym,u,0,2,4),

where the bimonad X = Fo (Xo), H = §1 (Hp) , etc. Hence A(8R)o (X, H) is the unique 2-functor
that maps Xo — X, Hy — H, mg — m, etc. Since § has this properties we deduce © (8]),
is a right inverse of A(R)o, so © (R), and A(R)y are inverses each other. Let T : § — & be a

transformation, where §, S : Bimon — 8 . If T = (T, {TTDn }n) , then
[A(R)1 06 (8),)(T) = M) (T,71,) = (T {rap },) -

In the above seqvence of equations, {'yTJL} are constructed inductively, using the relation (25).
n

Since, by definition v7, = 77, and {TTJL}R also satisfy (25) we deduce that Yrp =TI for any

n € N. Thus © (R), is a right inverse of A(R);. Finally, © (), is a right inverse of A(R),, as

they map a 2-cell to itself. We have just concluded that © (&) and A(R) are inverses each other.
It remains to prove that the diagram

©
[Bimon, K] oW Bimon(R)
[’Bimon,&']l l%imﬂn(g)

[Bimon, £] —— Bimon(L)
o)
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is commutative, for every 2-functor § : £ — £. By definition [Bimon, §], (§') = §’ 0§, for every
2-functor §’ : Bimon — F. Hence,

(8 (’S)O o [%imﬂn, S]0) (3/) = @ (’2’)0 (Sl o S:) = (Xa Ha m,u, 57 57 >\) )
where X = (§ 0 ) (Xo), H = (§' o), (Ho) . m = (3 ©3) (), ete. On the other hand,

[Bimon (§), 0 © (/)] (§') = Bimon (§), (O (R), (§'))
= Bimon(§)(§5 (Xo) . 31 (Ho) , §5 (7o), § (7o) . §(60). 82 (B0)  §2(ho))
= (X,H,m,u,d,e,\).
Note that for the last identity we used the definition of the functor Bimon(F) and the relations
that define the bimonad (X, H,m,u,d,e, \).
If €:§ — G is a transformation, with ¥ = (T, {TTSL }n) then

(Bimon (3); 0 © (R),) (T) = Bimon (3), (T, 71,) = (31 (1), 32 (1)
=0(2), (51 (1), {&2lrrp)}, ) = (©(8), o [Bimon, §],) (T).

Finally, if I' : € — & is a modification, then

(Bimon (§), 0 © (8),) (T) = Bimon (5), (Tx,) = F2 (I, )
= 0/(8), (B2 (Tx,)) = (O (R), o [Bimon,3]), (T).

Thus the theorem is proven. 0

Corollary 2.6 If (X, H,m,u,d,e,\) is a bimonad in K, the there is a unique 2-functor § :
Bimon — K such that Fo(Xo) = X, §1(Ho) = H, F2(mo) = m, ete.

Proof: See the proof of the preceding theorem. 0

2.7 (Hopf monads in £.) A bimonad (X, H,m,u,d,e, \) in a 2-category £ is a Hopf monad
if there is a 2-cell 7 : H2 — H? such that

me(mH)ed=uec=me(Hr)ed.

The 2-cell 7 is called the antipode of the Hopf monad (X, H).

Hopf bimonads in & may be regarded as 0-cells in a 2-category $opfmon(RK). The 1-cells in
this 2-category are the morphisms of Hopf monads. Let (X, H) and (X', H') be Hopf monads
with the antipodes m and 7/, respectively. A morphism of Hopf monads from (X, H) to (X', H’')
is a morphism (F, o) between the underlying is bimonads that commutes with the antipodes,
in the sense that

cen'FF=Freo.
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The composition of two morphisms in $opfmon(8) is defined as in the 2-category of bimonads
in 8. A 2-cell in Hopfmon(R) between two morphisms of Hopf monads is a 2-cell between the
underlying bimonad morphisms. The vertical and horizontal composition in $opfmon(RK) are
defined as in Bimon.

Proceeding as in the case of bimonads, one defines a new 2-category $opfmon as the quotient
2-category FT'1/R’, where T'; is the computad obtained from I' by adding the 2-cell g : HZ —
HZ, and R’ is the congruence generated by = and the extra relations:

mgo e (O'QH()) o (50 =Up®EQg=Mp ® (HOUO) ° (50.
Theorem 2.8 The 2-category Hopfmon represents the functor
Hopfmon(—) : 2-CAT — 2-CAT.

Proof: One argues as in the proof of Theorem 2.5. Details are omitted. 0

Corollary 2.9 If (X, H,m,u,d,e,\,m) is a Hopf monad in R, the there is a unique 2-functor
§ : Hopfmon — K such that Fo(Xo) = X, F1(Ho) = H, F2(mg) = m, etc.
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