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Abstract

We prove an asymptotical formula for the number of representations of
a given monic polynomial f ∈ Z[x] by the sum of k > 2 monic irreducible
polynomials in Z[x] whose heights are bounded by T . The main term turns
out to be cd,kT

(d−1)(k−1), where d = deg f and cd,k is some positive rational
number. The binary case k = 2 was first considered by Hayes in 1965 as
a version of a binary Goldbach problem for polynomials. In this case, we
improve the error term in a recent asymptotical formula (due to Kozek)
and show that our error term is best possible for each d > 2.
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1 Introduction

Let f be a monic polynomial in Z[x] of degree d > 2, and let k > 2 and T be
two positive integers. We write N (f, k, T ) for the number of representations of f
by the sum of k monic irreducible (over Q) integer polynomials f1, f2, . . . , fk of
height at most T , i.e.,

f(x) = f1(x) + f2(x) + · · ·+ fk(x), (1)

where H(fi) 6 T for i = 1, 2, . . . , k. Recall that the polynomial

g(x) = anx
n + · · ·+ a1x+ a0 ∈ Z[x],

where an 6= 0, is called monic if an = 1, and its height is defined by the formula
H(g) := max06i6n |ai|. We say that g ∈ Z[x] is reducible if it is a product of
some two non-constant polynomials in Z[x] and irreducible otherwise. Of course,
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by (1), for each permutation σ of the set {1, . . . , k}, the sum fσ(1)(x)+fσ(2)(x)+
· · ·+fσ(k)(x) is also equal to f(x). This is understood as the same representation
of f by the sum of f1, . . . , fk, i.e., in N (f, k, T ) we only take into account distinct
collections of monic irreducible polynomials f1, . . . , fk summing to f .

For k = 2, the problem of representations of a given polynomial by the sum of
two irreducible polynomials was first considered by Hayes [6] who looked at this
problem as a version of Goldbach’s conjecture for polynomials. He showed that
every polynomial of degree d in Z[x] can be expressed by the sum of two irreducible
polynomials in Z[x], both of degree d. This result was later rediscovered by Rattan
and Stewart [12]. See also the subsequent papers Hayes [7], Effinger and Hayes
[5], Car [3] for an asymptotical formula for the number of representations of f by
sums of the form g1f1 + g2f2 + g3f3, where g1, g2, g3 are some fixed polynomials
over a finite field Fq[x]. Recently, Pollack [11] generalized the result of Hayes [6]
to polynomials in the ring R[x], where R is a Noetherian domain with infinitely
many maximal ideals. Using methods similar to those initiated by Hayes, one
can also restrict the problem to monic polynomials and show that N (f, 2, T ) > 1
for T large enough. See, e.g., the paper of Betts [1].

There is a simple explanation why sometimes those problems are referred to as
Goldbach’s problems for polynomials. In 1742, Goldbach conjectured that every
integer greater than 5 can be written as the sum of three primes and that every
even integer greater than 2 can be written as the sum of two primes. In the context
of polynomials, it is natural to replace a ”positive integer” by a ”monic integer
polynomial” and a ”prime number” by a ”monic irreducible integer polynomial”.
Then the inequality N (f, 2, T ) > 1 asserts that each monic integer polynomial is
the sum of some two monic irreducible integer polynomials of height at most T .

In fact, there are many such representations. By a result of Saidak [13], the
true size ofN (f, 2, T ) is T d−1. More precisely, he showed that, for T large enough,

T d−1 � N (f, 2, T )� T d−1

for each monic integer polynomial of degree d, where the constants in Vino-
gradov’s symbol � are independent of T . Finally, Kozek [9] established the
asymptotical formula

N (f, 2, T ) = (2T )d−1 +O(T d−2 log T ) (2)

as T → ∞. Although in [9] the formula (2) is stated for d > 2, but it only
holds for d > 3. This is because Lemma 2 of [9] only holds for d > 3 rather
than for d > 2. (In the notation of Lemma 5 below, Lemma 2 of [9] asserts that
|M(a, d, T )| � T d−2 log T , where M(a, d, T ) is the set of monic integer reducible
polynomials of degree d and of height at most T whose coefficients for xd−1 are
equal to a. So, by Lemma 5 (iii) below, the correct upper bound for d = 2 should
be |M(a, 2, T )| �

√
T .) Our first theorem gives the best possible error terms in

(2):
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Theorem 1. Let f ∈ Z[x] be a monic polynomial of degree d > 2. Then, as
T →∞,

N (f, 2, T ) = (2T )d−1 +O(T d−2) (3)

for d > 4,
T log T � (2T )2 −N (f, 2, T )� T log T (4)

for d = 3, and √
T � 2T −N (f, 2, T )�

√
T (5)

for d = 2. Moreover, for each d > 4, the error term in (3) is best possible for
some f .

Given nonnegative real numbers u, v, we define

Λ(n, u, v) := {0 6 x1, . . . , xn 6 u, x1 + · · ·+ xn 6 v} ⊂ Rn, (6)

and put
Vn := vol(Λ(n, 1, (n− 1)/2)). (7)

Our second theorem extends the asymptotical formula (2) from k = 2 to k > 2:

Theorem 2. Let f ∈ Z[x] be a monic polynomial of degree d > 2, and let k > 2
be an integer. Then, as T →∞,

N (f, k, T ) =
(2k−1(1− 2Vk−1))d−1

(k − 1)!
T (d−1)(k−1) +O(T dk−d−k) (8)

for d > 4,

N (f, k, T ) =
(2k−1(1− 2Vk−1))2

(k − 1)!
T 2(k−1) +O(T 2k−3 log T ) (9)

for d = 3, and

N (f, k, T ) =
2k−1(1− 2Vk−1)

(k − 1)!
T k−1 +O(T k−3/2) (10)

for d = 2.

Note that the polyhedron Λ(n, 1, (n−1)/2) (that is, the intersection of a finite
number of closed half-spaces) is contained in the polyhedron Λ(n, 1, n/2) whose
volume is 1/2. (This is easily seen by expressing the volume by a corresponding
integral and changing the variables xi 7→ 1 − xi for i = 1, . . . , n.) Thus, by (6)
and (7), it follows that

0 6 Vn < 1/2.

It is easy to see that the volume of the polyhedron V (n, u, v) is a rational number
for rational u, v, because the (oriented) volume of a convex body with n + 1
vertices e0, . . . , en in Rn is expressible by a determinant with coordinates of the
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vertices as 1
n! det(e1−e0, . . . , en−e0) and we can cut V (n, u, v) into finitely many

of such convex bodies. Thus Vk−1 is a rational number for every integer k > 2.

Evidently, for k = 2, by (6) and (7), we have Vk−1 = V1 = 0, so (8) implies
(3). The values of the constant Vn for n ∈ {2, 3, 4, 5} can be easily calculated:

Proposition 3. For Vn defined in (6) and (7), we have V2 = 1/8, V3 = 1/6,
V4 = 77/384 and V5 = 9/40.

Proof: Clearly, Λ(2, 1, 1/2) is a right triangle with coordinates (0, 0), (0, 1/2),
(1/2, 0). Its area is V2 = (1/2)3 = 1/8. Similarly, Λ(3, 1, 1) = {0 6 x1, x2, x3 6
1, x1 + x2 + x3 6 1} is a simplex with coordinates (0, 0, 0), (1, 0, 0), (0, 1, 0),
(0, 0, 1). Its volume is V3 = 1/3! = 1/6.

To compute V4 and V5, we first recall that the volume of the simplex

V (n, s, s) = {0 6 x1, . . . , xn 6 s, x1 + · · ·+ xn 6 s} ⊂ Rn

with side s is equal to sn/n!. By (6), Λ(4, 1, 3/2) is a simplex with side 3/2 minus
four ”small” simplexes with sides 1/2. Thus

V4 =
(3/2)4

4!
− 4

(1/2)4

4!
=

81− 4

24 · 4!
=

77

384
.

Finally, Λ(5, 1, 2) is a simplex with side 2 minus five ”small” simplexes with sides
1. Hence

V5 =
25

5!
− 5

1

5!
=

9

40

which completes the proof. �

The results of Theorem 2 and Proposition 3 can be given in the following
table (where the last column is the asymptotical formula as T →∞):

k Vk−1 2k−1(1− 2Vk−1) (k − 1)! N (f, k, T ), deg f = d
2 0 2 1 (2T )d−1

3 1/8 3 2
(
3T 2

)d−1
/2

4 1/6 16/3 6
(
16T 3/3

)d−1
/6

5 77/384 115/12 24
(
115T 4/12

)d−1
/24

6 9/40 88/5 120
(
88T 5/5

)d−1
/120

In the next section we state some earlier relevant results and also prove some
auxiliary lemmas. Then in Sections 3 and 4 we shall complete the proofs of
Theorems 2 and 1, respectively.
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2 Monic polynomials with one fixed coefficient

Let d, T > 1 be two integers. We denote by M(d, T ) the set of monic integer
reducible polynomials of degree d and of height at most T . The result of Chela
[4] asserts that

|M(d, T )| ∼ 2d(ζ(d− 1) + 1/2− 2Vd−1)T d−1 as T →∞ (11)

for each d > 3 (because the constant kd defined [4] equals 2d−1(1− 2Vd−1)) and

|M(2, T )| ∼ 2T log T as T →∞. (12)

To prove (11) Chela used the following result of van der Waerden [14] (which will
also use below):

Lemma 4. Let M`(d, T ) be the set of monic integer polynomials of degree d > 2
and of height at most T with a factor of degree `, where 1 6 ` 6 d/2. Then, as
T →∞,

T d−` � |M`(d, T )| � T d−` (13)

for ` < d/2 and
T d/2 log T � |Md/2(d, T )| � T d/2 log T (14)

for ` = d/2 and d even, where the constants in � depend only on d and `.

Let us denote by M(a, d, T ) the set of monic integer reducible polynomials of
degree d and of height at most T whose coefficients for xd−1 are equal to a. In
this section we shall prove the next lemma.

Lemma 5. If d, T > 2 and a are three integers then, as T →∞,
(i) T d−2 � |M(a, d, T )| � T d−2 for d > 4,
(ii) T log T � |M(a, 3, T )| � T log T ,
(iii)

√
T � |M(a, 2, T )| �

√
T ,

where all the implied constants in � depend only on d.

For the proof of Lemma 5 we shall need the following:

Lemma 6. Let a, d, T, s be four integers such that T > |s| > 2 and d > 3. Then
the number of solutions (hd−2, . . . , h0) ∈ Zd−1 of the linear equation

sd + asd−1 + hd−2s
d−2 + · · ·+ h0 = 0

satisfying |hi| 6 T for each i = 0, . . . , d− 2 does not exceed (2T/|s|+ 1)d−1.

Proof: It suffices to prove the lemma for s > 0, because in case s < 0 we
can replace s by −s and a by −a. Note that s|h0. Set H0 := h0/s ∈ Z. From
s|H0| 6 T we see that the integer H0 takes at most 2[T/s] + 1 6 2T/s+ 1 values.
So h0 takes at most 2T/s+ 1 values. From

sd−1 + asd−2 + hd−2s
d−3 + · · ·+ h1 + h0/s = 0
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we derive that s divides h1 +h0/s = h1 +H0. So, for each fixed h0, the integer h1
belongs to the residue class −H0 (mod s) and |h1| 6 T . There at most 2T/s+ 1
of such integers h1. Arguing in this way, namely, each time dividing by s and
considering hj with some fixed hj−1, . . . , h0, we obtain the factor 2T/s + 1 at
each step up to hd−2 which must be uniquely determined by hd−3, . . . , h0. Thus
the number of vectors (hd−2, . . . , h0) ∈ Zd−1 ∩ [−T, T ]d−1 for which the above
linear equation holds does not exceed (2T/s + 1)d−1. This completes the proof
of the lemma. �

The next lemma will be used several times below:

Lemma 7. Let N(b1, . . . , bn, b0, T ) denote the number of solutions (y1, . . . , yn) ∈
Zn of the linear equation

b1y1 + · · ·+ bnyn = b0 (15)

satisfying −T 6 yi 6 T for each i = 1, . . . , n, where b0 ∈ Z, n > 2, and b1, . . . , bn
are nonzero integers. Then

N(b1, . . . , bn, b0, T ) 6 (2T + 1)n−1 (16)

for each T ∈ N. Moreover,

N(1, . . . , 1, b0, T ) = 2n−1(1− 2Vn−1)Tn−1 +O(Tn−2) as T →∞. (17)

Proof: The first claim is trivial, because there is most one value of yn corre-
sponding to every vector (y1, . . . , yn−1) ∈ Zn−1∩ [−T, T ]n−1 for which (15) holds
for the vector (y1, . . . , yn−1, yn). There are at most (2T + 1)n−1 of such vectors
(y1, . . . , yn−1). Thus N(b1, . . . , bn, b0, T ) 6 (2T + 1)n−1, giving (16).

In order to prove the asymptotical formula (17), since −T 6 yn 6 T , we need
to estimate the number of solutions (y1, . . . , yn−1) ∈ Zn−1∩ [−T, T ]n−1 for which

−T + b0 6 y1 + · · ·+ yn−1 6 T + b0.

In case n = 2, it is clear that N(1, 1, b0, T ) = 2T +O(1). Assume that n > 3. By
replacing each yi by yi − T , we obtain

(n− 2)T + b0 6 y1 + · · ·+ yn−1 6 nT + b0, (18)

where (y1, . . . , yn−1) ∈ Zn−1 ∩ [0, 2T ]n−1.
Suppose that |Λ(n, u, v)| is the number of integer points of the lattice Zn−1

lying in the polyhedron Λ(n, u, v) defined in (6). Then (18) implies

N(1, . . . , 1, b0, T ) = |Λ(n−1, 2T, nT +b0)|−|Λ(n−1, 2T, (n−2)T +b0−1)| (19)

for T > |b0|+ 1, since then (n− 2)T + b0 − 1 > 0.
We next claim that, for any fixed numbers u > 0, v ∈ R, and any integer

n > 3,

|Λ(n−1, 2T, uT+v)| = 2n−1vol(Λ(n−1, 1, u/2))Tn−1+O(Tn−2)asT →∞. (20)

Then, combining (19) with (20), we would have
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N(1, . . . , 1, b0, T ) =
= 2n−1(vol(Λ(n− 1, 1, n/2))− vol(Λ(n− 1, 1, n/2− 1)))Tn−1 +O(Tn−2)

as T →∞. This would complete the proof of (17), because, by (6) and (7),

vol(Λ(n− 1, 1, n/2))− vol(Λ(n− 1, 1, n/2− 1)) =
= 1− 2vol(Λ(n− 1, 1, n/2− 1)) = 1− 2Vn−1.

To prove (20) note that the diagonal of the unit cube in Rn−1 is equal to√
n− 1. Hence, by continuity, there is a θ ∈ [−1, 1] such that

|Λ(n− 1, 2T, uT + v)| = vol(Λ(n− 1, 2T, uT + v + θ
√
n− 1))

provided that uT + v+ θ
√
n− 1 > 0. Note that, for every positive number r, the

polyhedron Λ(n−1, 2T, r) is a blown-up body of the polyhedron Λ(n−1, 1, r/2T )
scaled by 2T , hence vol(Λ(n−1, 2T, r)) = (2T )n−1vol(Λ(n−1, 1, r/2T )). It follows
that

|Λ(n− 1, 2T, uT + v)|
(2T )n−1

= vol(Λ(n− 1, 1, u/2 + (v + θ
√
n− 1)/2T ))

= vol(Λ(n− 1, 1, u/2)) +
c(v, θ, n)

T

with some constant c(v, θ, n) ∈ R. Multiplying both sides by (2T )n−1 we obtain
(20). �

It is well-known (see, e.g., [10]) that, in general, this simple estimate for the
difference between the number of lattice points in a blown-up body and its volume
is best possible up to a constant. See also [2] for the best possible constants in
case n 6 5. Better bounds for the error term can be obtained if the boundary of
the convex body is smooth [8] (which is not the case in (20)).

Proof of Lemma 5: In case d = 2 we need to estimate the number of quadratic
monic reducible polynomials x2 + ax + b ∈ Z[x], where a is fixed and |b| 6 T .
Such a polynomial is reducible if and only if it has an integer root, say, s. Then
b = −s2 − as. The number of integer solutions of the inequality |s2 + as| 6 T
is asymptotically equal to 2

√
T . Hence |M(a, 2, T )| 6 3

√
T for T large enough.

Moreover, at most two distinct integer roots s and s′ are the roots of the same
polynomial x2 + ax+ b. It follows that

√
T/2 6 |M(a, 2, T )| for T large enough.

This proves (iii). In fact, since each integral root is counted twice (except for
some ”small” set of polynomials with a double root), one can easily show that
|M(a, 2, T )| ∼

√
T as T →∞.

To prove the lower bound in (ii), we fix a nonzero polynomial g(x) ∈ Z[x] and
consider the set of reducible polynomials Mg(T ) of the form g(x)x2 + h1x + h0,
where |h1|, |h0| 6 T . (In our case g(x) = x + a, so Mx+a(T ) = M(a, 3, T ).) Set
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r := deg g > 0. Consider all pairs (y1, y2) ∈ Z2 satisfying 1 6 y1 6 [T 1/(r+3)],
y1 < y2 and y1y2 6 T/2. Since y1 < y2 6 T/2y1, the number of such pairs is

[T 1/(r+3)]∑
y1=1

([T/2y1]− y1) >
T

3

[T 1/(r+3)]∑
y1=1

1

y1
>
T log T

3r + 10
(21)

for T large enough.
Consider the polynomial

fy1,y2(x) := g(x)x2 − (y2 + y1g(y1))x+ y1y2 ∈ Z[x]. (22)

Since g is fixed and |y1y2| 6 T/2, using the upper bound for y1, we have
|y1g(y1)| < T/2 for each sufficiently large T . Thus

|y2 + y1g(y1)| 6 T/2 + |y1||g(y1)| < T/2 + T/2 = T

for T large enough. Also, 1 6 y1y2 6 T/2 < T . Hence H(fy1,y2) 6 T provided
that T > H(g). Furthermore, by (22), at x = y1 we have fy1,y2(y1) = 0. Thus
fy1,y2 is a reducible integer polynomial of height at most T , i.e., fy1,y2 ∈ Mg(T )
for each sufficiently large T . We next claim that fy1,y2 is the same polynomial for
at most r + 2 pairs (y1, y2) with the restrictions as above. Combined with (21)
this would imply the inequality

|Mg(T )| > T log T

(3r + 10)(r + 2)
(23)

for T large enough.
To prove the above claim, let us fix any pair of positive integers (s1, s2).

Assume that fy1,y2 = fs1,s2 for some pair of positive integers (y1, y2). Then
y1y2 = s1s2 and y2 + y1g(y1) = s2 + s1g(s1), by (22). Put λ := y1/s1 ∈ Q. Then
the first equality yields y2 = s2/λ. Inserting this into the second equality we
obtain

s2 + s1g(s1) = s2/λ+ λs1g(λs1).

Multiplying this equality by λ gives us a polynomial in λ of degree r+ 2, so there
are at most r + 2 distinct rational numbers λ for which fλs1,λ−1s2 = fs1,s2 . This
completes the proof of the claim. In particular, from (23) we obtain

T log T � |Mg(T )|

as T → ∞ for every nonzero integer polynomial g. This yields the lower bound
in (ii), by selecting g(x) = x+ a.

Observe that, for each d > 3, the number of polynomials in M(a, d, T ) which
have a root at s = 0 does not exceed (2T + 1)d−2. Also, by (16), the number of
polynomials in M(a, d, T ) which have a root at s = 1 (or at s = −1) does not
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exceed (2T + 1)d−2. Hence the number of polynomials in M(a, d, T ) with a root
in {−1, 0, 1} does not exceed

3(2T + 1)d−2. (24)

To prove the upper bound in (ii), note that f ∈M(a, 3, T ) implies that f has
an integer root s in the range [−T, T ]. By (24) (with d = 3) and Lemma 6, we
find that

|M(a, 3, T )| 6 3(2T + 1) + 2

T∑
s=2

(2T/s+ 1) < 5T log T

for each sufficiently large T . This proves the upper bound in (ii).
It is clear that each polynomial with constant coefficient zero is reducible.

The set M(a, d, T ) contains exactly (2T + 1)d−2 of such polynomials if T > |a|.
Thus |M(a, d, T )| > T d−2 for T > |a|, giving the lower bound in (i).

It remains to prove the upper bound in (i). Let M1(a, d, T ) be the subset
of M(a, d, T ) consisting of reducible polynomials with a linear factor and an
irreducible factor of degree d− 1. Obviously,

M(a, d, T ) \M1(a, d, T ) ⊂ ∪[d/2]`=2 M`(d, T )

for T > |a|. Hence, by Lemma 4,

|M(a, d, T ) \M1(a, d, T )| � T d−2 (25)

for each d > 5. We next prove that (25) also holds for d = 4.
Indeed, by (13) and (14), the estimate (25) holds for the set all polynomials of

degree 4 lying in the set M(a, 4, T ) \M1(a, 4, T ) except for a subset consisting of
those which are products of two irreducible quadratic polynomials. Let us write
each such a polynomial as (x2+a1x+b1)(x2+a2x+b2). Taking into account that
the coefficient for x3 must be a, we have a1 + a2 = a. Considering the constant
coefficient and the coefficient for x2 we also obtain

|b1b2| 6 T and |b1 + b2 + a1(a− a1)| 6 T.

The number of pairs (b1, b2) satisfying 1 6 b1 6 b2 6 T/b1 is equal to

[
√
T ]∑

b1=1

([T/b1]− b1 + 1)� T log T.

Thus the number of integer pairs (b1, b2) for which |b1b2| 6 T is also � T log T .
For each such a pair we have |b1 + b2| 6 T + 1. Hence

|a1(a− a1)| 6 T + |b1 + b2| 6 2T + 1.
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The number of integers a1 satisfying this inequality is �
√
T . It follows that

the number of products of two irreducible quadratic polynomials is� T 3/2 log T .
This proves (25) for d = 4.

Now, since each polynomial lying in M1(a, d, T ) has an integral root s ∈
[−T, T ], using (24) and Lemma 6, we find that

|M1(a, d, T )| 6 3(2T + 1)d−2 + 2
∑T
s=2(2T/s+ 1)d−2 6

6 3(2T + 1)d−2 + 3d−1T d−2
∑∞
s=2 s

2−d � T d−2,

because d > 4. Adding this inequality to (25), we obtain

|M(a, d, T )| 6 |M1(a, d, T )|+ |M(a, d, T ) \M1(a, d, T )| � T d−2 + T d−2 � T d−2

for every d > 4, as claimed. �

3 Proof of Theorem 2

Lemma 8. Let f ∈ Z[x] be a monic polynomial of degree d > 2, and let
N1(f, k, T ) be the number of representations of f by the sum of k monic ir-
reducible integer polynomials f1, f2, . . . , fk of height at most T and of degrees
d, d− 1, . . . , d− 1, respectively. Then

0 6 N (f, k, T )−N1(f, k, T )� T dk−d−k, (26)

where the constant in � depends only on d and k.

Proof: Each representation of the polynomial

f(x) = xd + ad−1x
d−1 + · · ·+ a0 ∈ Z[x]

by the sum of monic polynomials f1, . . . , fk contains exactly one polynomial of
degree deg f = d, say f1, and k − 1 polynomials of degrees at most d − 1. We
need to estimate the number of representations f(x) = f1(x) + · · ·+ fk(x), where
deg f1 = d and deg fi < d− 1 for at least one i ∈ {2, . . . , k}. Assume that there
are exactly q polynomials for which deg fi < d, where 1 6 q 6 k − 1. Then the
coefficient for xd−1 in f1 equals ad−1−k+q+1. Let us denote the coefficients for
xd−j (where j = 2, . . . , d) in f1, . . . , fk by y1,d−j , . . . , yk,d−j , respectively. Some
of yi,d−j may be equal to zero. For example, y2,d−2 = 0 if deg f2 < d− 2. In any
case, f = f1 + · · ·+ fk implies

k∑
i=1

yi,d−j = ad−j (27)

for j = 2, . . . , d.
It remains to estimate the number of integer solutions of the linear system

(27) satisfying |yi,d−j | 6 T . For j = 2, at least q terms in the sum
∑k
i=2 yi,d−j are



Irreducible polynomials 75

equal to 1, and the first linear equation in (27) (corresponding to j = 2) contains
k − q unknowns. By (15) and (16), there are at most (2T + 1)k−q−1 solutions
corresponding to this linear equation. For each j in the range 3 6 j 6 d, the
corresponding equality in (27) is a linear equation with at most k unknowns. As
above, by (15) and (16), there are at most (2T + 1)k−1 solutions corresponding
to this linear equation. It follows that, for every fixed q ∈ {1, . . . , k − 1}, the
number of integer solutions of (27) satisfying |yi,d−j | 6 T does not exceed

(2T + 1)k−q−1(2T + 1)(k−1)(d−2) = (2T + 1)(d−1)(k−1)−q 6 3(d−1)(k−1)T dk−d−k.

For each q ∈ {1, . . . , k−1}, there are
(
k−1
q

)
possibilities to choose the correspond-

ing q polynomials fi, 2 6 i 6 k − 1, whose degrees are strictly smaller than d.
Thus

N (f, k, T )−N1(f, k, T ) 6 3(d−1)(k−1)T dk−d−k
k−1∑
q=1

(
k − 1

q

)
� T dk−d−k,

which proves (26). �

Lemma 9. Let f ∈ Z[x] be a monic polynomial of degree d > 2, and let
N2(f, k, T ) be the number of representations of f by the sum of k monic integer
polynomials f1, f2, . . . , fk of height at most T and of degrees d, d − 1, . . . , d − 1,
respectively. Then, as T →∞,

N2(f, k, T ) =
(2k−1(1− 2Vk−1))d−1

(k − 1)!
T (d−1)(k−1) +O(T dk−d−k) (28)

for each d > 2.

Proof: This time, in the notation of the preceding lemma, q = 0, a = ad−1 −
k + 1,

f1(x) = xd + axd−1 +

d∑
j=2

y1,d−jx
d−j ,

fi(x) = xd−1 +

d∑
j=2

yi,d−jx
d−j

for i = 2, . . . , k. Clearly, f = f1 + · · · + fk if and only if the k(d − 1) unknowns
yi,d−j satisfy the linear system (27).

First, let us find the total number of integer solutions of the linear system
(27) satisfying |yi,d−j | 6 T . Applying (17) to each of d− 1 linear equations (27),
we derive that (27) has(

2k−1(1− 2Vk−1)T k−1 +O(T k−2)
)d−1

=
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(
2k−1(1− 2Vk−1)

)d−1
T (d−1)(k−1) +O(T dk−d−k) (29)

integer solutions satisfying |yi,d−j | 6 T . Next, we claim that the number of
solutions of (1) for which fi = ft for some i 6= t is O(T dk−d−k). Evidently, f1 6= ft
for every t > 1. If fi = ft holds for some indices i, t satisfying 2 6 i < t 6 k then
k > 3 and yi,d−j = yt,d−j for j = 2, . . . , t. So the system of linear equations (27)
has only (k − 1)(d − 1) unknowns. Applying (16) with n = k − 2 to each linear
equation, we find that the number of integer solutions of (27) does not exceed

(2T + 1)(d−1)(k−2) = O(T (d−1)(k−2)) = O(T dk−d−k+2−d) = O(T dk−d−k),

because d > 2. This proves our claim.
So we can assume that the polynomials f1, . . . , fk of degrees d, d−1, . . . , d−1,

respectively, are distinct. Obviously, all collections of polynomials f1, fσ(2), . . . ,
. . . , fσ(k), where σ runs through all permutations of the set {2, . . . , k}, are the
same. Therefore, when counting the number of solutions of (27), in (29) we took
into account each collection of distinct polynomials f1, . . . , fk exactly (k − 1)!
times. Thus

N2(f, k, T )(k − 1)! =
(
2k−1(1− 2Vk−1)

)d−1
T (d−1)(k−1) +O(T dk−d−k),

by (29). This proves (28). �

Lemma 10. With the notation of Lemmas 8 and 9, we have

0 6 N2(f, k, T )−N1(f, k, T )�


T dk−d−k for d > 4,

T 2k−3 log T for d = 3,

T k−3/2 for d = 2,

(30)

where deg f = d and the constant in � depends only on d and k.

Proof: Note that in the definition of N2 compared with N1 the irreducibility
is omitted. So we need to estimate from above the number of representations
f = f1 + · · ·+ fk, where deg f1 = d, deg fi = d− 1 for i = 2, . . . , k, and at least
one fi, i = 1, . . . , d, is reducible. Fix any i ∈ {1, . . . , k}. For i > 2, we have
deg fi = d− 1, so the number of choices for reducible polynomials fi is � T d−2

for d > 4, by (11), and � T log T for d = 3, by (12). (The polynomial fi is
always irreducible for d = 2.) For i = 1, deg f1 = d. In the same manner, by
Lemma 5, we can see that the number of choices for reducible polynomials f1 is
� T d−2 for d > 4, � T log T for d = 3, and �

√
T for d = 2. Summarizing,

we can claim that, for each fixed i ∈ {1, . . . , k}, there are � T d−2 choices for
reducible polynomials fi when d > 4, � T log T choices when d = 3, and �

√
T

choices when d = 2.
On the other hand, by (16) and (27), the number of representations of f − fi

by the sum of k − 1 monic integer polynomials f1, f2, . . . , fi−1, fi+1, . . . , fk of
height at most T does not exceed (2T + 1)(k−2)(d−1). It follows that, for d > 4,

N2(f, k, T )−N1(f, k, T )� T (k−2)(d−1)+d−2 = T dk−d−k.
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Similarly, for d = 3, we obtain

N2(f, k, T )−N1(f, k, T )� T 2(k−2)T log T = T 2k−3 log T,

whereas, for d = 2,

N2(f, k, T )−N1(f, k, T )� T k−2
√
T = T k−3/2.

This proves (30). �

Proof of Theorem 2: Combining Lemmas 8 and 10 we obtain

|N2(f, k, T )−N (f, k, T )| �


T dk−d−k for d > 4,

T 2k−3 log T for d = 3,

T k−3/2 for d = 2.

This yields (8)–(10) in view of Lemma 9. �

4 Proof of Theorem 1

To prove (5) suppose that f is a monic quadratic integer polynomial f(x) =
x2 + bx+ c. Without loss of generality assume that

T > 2 + |b|+ |c|.

The polynomial f can be the sum of two monic polynomials only if they have
degrees either 2, 0 or 2, 1. In the first case, there is only one such representa-
tion f = f1 + f2, where f1(x) = x2 + bx + c − 1 and f2(x) = 1. Obviously,
H(f1), H(f2) 6 T , so this representation must be counted if and only if the poly-
nomial x2 + bx + c − 1 is irreducible. Set δ := 1 if x2 + bx + c − 1 is irreducible
and δ := 0 otherwise.

In the second case, 2, 1, we must have f1(x) = x2 + (b− 1)x+ c1 and f2(x) =
x + c2 with c1 + c2 = c. Note that f2 is irreducible for any c2 ∈ Z. Then
H(f1), H(f2) 6 T if |c1|, |c2| 6 T . Since c2 = c− c1, we must have

max(−T, c− T ) 6 c1 6 min(T, c+ T ). (31)

This interval contains exactly 2T − |c|+ 1 integers c1. Hence the number

δ + 2T − |c|+ 1−N (f, 2, T )

is equal to the number of distinct integers c1 in the interval (31) for which the
polynomial x2 + (b− 1)x+ c1 is reducible.

The interval (31) contains the interval [−T + |c|, T − |c|] and is contained in
the interval [−T − |c|, T + |c|]. Hence, with notation of Lemma 5, we have

|M(b− 1, 2, T − |c|)| 6 δ + 2T − |c|+ 1−N (f, 2, T ) 6 |M(b− 1, 2, T + |c|)|.
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This inequality combined with Lemma 5 (iii) implies

√
T � 2T −N (f, 2, T )�

√
T

for T large enough. This proves (5).
Assume next that f is a monic irreducible polynomial of degree d > 3. If f

is the sum of two monic integer polynomials f1 and f2, where deg f1 > deg f2,
then these must be of degrees d and `, respectively, where ` ∈ {0, . . . , d− 1}. Let
t(f, `, T ) be the number of representations of f by the sum f = f1 + f2, with
monic polynomials f1, f2 of degrees d and `, respectively, and of heights at most
T . Let also t∗(f, `, T ) be the number of such representations with both f1 and f2
irreducible, so that N1(f, 2, T ) = t∗(f, d− 1, T ) and N2(f, 2, T ) = t(f, d− 1, T ).

Write
f(x) = xd + ad−1x

d−1 + · · ·+ a`x
` + · · ·+ a0.

Clearly,

f1(x) = xd + · · ·+ a`+1x
`+1 + (a` − 1)x` + g1(x), f2(x) = x` + g2(x)

with g1, g2 ∈ Z[x], deg g1,deg g2 6 ` − 1. Since H(g1) 6 T , there are exactly
(2T + 1)` different possibilities to choose g1. Each choice of g1 gives a unique
polynomial g2, because

g1(x) + g2(x) = a`−1x
`−1 + · · ·+ a0

if ` > 0 and g1(x) = g2(x) = 0 if ` = 0. It follows that

t(f, `, T ) 6 (2T + 1)` (32)

for each sufficiently large T .
We next estimate the number of representations f = f1+f2 with ` = deg f2 =

d− 1 from below. Then

f1(x) = xd + (ad−1 − 1)xd−1 + g1(x), f2(x) = xd−1 + g2(x)

with g1, g2 ∈ Z[x], deg g1,deg g2 6 d − 2. Assume that H(f) = h. Then total
number of such representations (which does not take into account reducibility),
N2(f, 2, T ) = t(f, d−1, T ), is at least (2T−2h+1)d−1 (because each coefficient of
g1 can be taken in the interval [−T +h, T −h]) and, by (32), at most (2T +1)d−1.
Therefore,

(2T − 2h+ 1)d−1 6 t(f, d− 1, T ) 6 (2T + 1)d−1. (33)

For a special polynomial

fh(x) := xd + xd−1 + h(xd−2 + · · ·+ x+ 1), (34)

each coefficient of g1 can be in the interval [−T + h, T ], so we have

t(fh, d− 1, T ) = (2T − h+ 1)d−1. (35)
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The number

d−1∑
`=0

(t(f, `, T )− t∗(f, `, T )) =

d−1∑
`=0

t(f, `, T )−N (f, 2, T )

is equal to to the number of distinct pairs of monic polynomials (f1, f2), where
deg f1 = d, deg f2 < d, and at least one of the polynomials f1, f2 is reducible.
Taking into account only monic reducible polynomials of degree d with coefficient
for xd−1 equal to ad−1 − 1, we find that

|M(ad−1 − 1, d, T )| 6
d−1∑
`=0

t(f, `, T )−N (f, 2, T ) (36)

On the other hand, using t(f, `, T )− t∗(f, `, T ) 6 t(f, `, T ) for ` 6 d− 2 and

t(f, d− 1, T )− t∗(f, d− 1, T ) = N2(f, 2, T )−N1(f, 2, T ) 6

|M(ad−1 − 1, d, T )|+ |M(d− 1, T )|,

we obtain

d−1∑
`=0

t(f, `, T )−N (f, 2, T ) 6 |M(ad−1 − 1, d, T )|+ |M(d− 1, T )|+
d−2∑
`=0

t(f, `, T ).

Therefore,

N (f, 2, T ) > −|M(ad−1 − 1, d, T )| − |M(d− 1, T )|+ t(f, d− 1, T ). (37)

Now, we can complete the proof of Theorem 1. Assume first that d = 3.
Then, from (12), Lemma 5 (ii), (33) and (37), we obtain

(2T )2 −N (f, 2, T ) 6 (2T )2 + |M(a2 − 1, 3, T )|+ |M(2, T )| − (2T − 2h+ 1)2

6 4(2h− 1)T + |M(a2 − 1, 3, T )|+ |M(2, T )| � T log T

for T large enough. On the other hand, from Lemma 5 (ii), (32) and (36), we
derive that

T log T � 1 + (2T + 1) + (2T + 1)2 −N (f, 2, T ) = (2T )2 −N (f, 2, T ) + 6T + 2.

This proves (4).
As we already observed earlier, (8) implies (3). It remains to prove that the

error term in (3) is optimal. For this, we shall consider the polynomial fh defined
in (34). Employing (32), (35) and (36), we find that

N (fh, 2, T ) 6
d−1∑
`=0

t(fh, `, T ) 6 1 + (2T + 1) + · · ·+ (2T + 1)d−2 + (2T + 1−h)d−1.
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Fix any h > 2. Since d > 4, for T large enough, we derive that

N (fh, 2, T ) 6 3 · 2d−3T d−2 + (2T − h+ 1)d−1 6 3 · 2d−3T d−2 + (2T − 1)d−1

< 3 · 2d−3T d−2 + (2T )d−1 − (d− 2)(2T )d−2 = (2T )d−1 − (2d− 7)2d−3T d−2

6 (2T )d−1 − T d−2.

This implies
T d−2 < (2T )d−1 −N (fh, 2, T ),

so the error term O(T d−2) in (3) for f = fh cannot be strengthened.
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