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Abstract

In this paper we introduce the complete parts on hyperrings and study

the complete closure on hyperrings. Also, we consider the fundamental

relation Γ on hyperrings and we prove that the relation Γ is transitive on

hyperfields.
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1 Introduction

A hypergroupoid (H, ◦) is a non-empty set H together with a hyperoperation ◦
defined on H, that is, a mapping of H×H into the family of non-empty subsets of
H. If (x, y) ∈ H ×H, its image under ◦ is denoted by x◦y. If A,B are non-empty
subsets of H then A◦B is given by A◦B =

⋃
{x◦y | x ∈ A, y ∈ B}. x◦A is used

for {x} ◦ A and A ◦ x for A ◦ {x}. A hypergroupoid (H, ◦) is called a hypergroup
in the sense of Marty [10] if for all x, y, z ∈ H the following two conditions hold:
(i) x ◦ (y ◦ z) = (x ◦ y) ◦ z, (ii) x ◦ H = H ◦ x = H, means that for any x, y ∈ H
there exist u, v ∈ H such that y ∈ x ◦ u and y ∈ v ◦ x. If (H, ◦) satisfies only the
first axiom, then it is called a semi-hypergroup. An exhaustive review updated to
1992 of hypergroup theory appears in [1]. A recent book [2] contains a wealth of
applications.

If H is a semi-hypergroup and ρ ⊆ H×H is an equivalence relation then for all
pairs (A,B) of non-empty subsets of H, we set AρB if and only if aρb for all a ∈ A
and b ∈ B. The relation ρ is said to be strongly regular to the right if xρy implies
x ◦ a ρ y ◦ a for all (x, y, a) ∈ H3. Analogously, we can define strongly regular to
the left. Moreover ρ is called strongly regular if it is strongly regular to the right
and to the left. Let H be a hypergroup and ρ an equivalence relation on H. Let
ρ(a) be the equivalence class of a with respect to ρ and let H/ρ = {ρ(a) | a ∈ H}.
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A hyperoperation ⊗ is defined on H/ρ by ρ(a) ⊗ ρ(b) = {ρ(x) | x ∈ ρ(a) ◦ ρ(b)}.
If ρ is strongly regular then it readily follows that ρ(a)⊗ρ(b) = {ρ(x) | x ∈ a◦b}.
It is well known for ρ strongly regular that < H/ρ,⊗ > is a group (see Theorem
31 in [1]), that is ρ(a) ⊗ ρ(b) = ρ(c) for all c ∈ a ◦ b. a hyperring [15] is a multi-
valued system (R,+, ◦) which satisfies the ring-like axioms in the following way:
(i) (R,+) is a hypergroup in the sense of Marty, (ii) (R, ◦) is a semi-hypergroup,
(iii) The multiplication is distributive with respect to the hyperoperation +. The
hyperrings were studied by many authors, for example see[4,6,12].

The fundamental relation β∗ was introduced on hypergroups by Koskas [9],
and studied by many authors, for example see [3,5,11,14]. The fundamental
relation β∗ is defined on hypergroups as the smallest equivalence relation so that
the quotient would be a group. Let H be a hypergroup and U be the set of all
finite products of elements of H and define the relation β on H as follows:

xβy if and only if {x, y} ⊆ u for some u ∈ U.

For hypergroups we have β∗ = β. Freni turn his research on the direction to
find classes on semi-hypergroups, such that the above equality works. Among
others he defined the γ-relation on semi-hypergroups and hypergroups, see [7]
and studied by many authors, for example see [5,8]. We recall the following
definition from [7]. If H is a hypergroup, then we set: γ1 = {(x, x) | x ∈ H} and,
for every integer n > 1, γn is the relation defined as follows:

xγny ⇐⇒ ∃(z1, z2, . . . , zn) ∈ Hn,∃σ ∈ Sn : x ∈
n∏

i=1

zi, y ∈
n∏

i=1

zσ(i).

Obviously, for every n ≥ 1, the relations γn are symmetric, and the relation
γ = ∪n≥1γn is reflexive and symmetric. Let γ∗ be the transitive closure of γ. In
[7], it is proved that γ∗ is the smallest strongly regular equivalence relation such
that H/γ∗ is an abelian group. Also, in Theorem 3.3 of [7], Freni proved that in
every hypergroup, the relation γ is transitive, that is γ∗ = γ, and in this case,
according to Corollary 1.2 of [7], the quotient H/γ∗ is an abelian group. The
γ∗-relation is, in some sense, a generalization of the β∗-relation.

The letter γ already has been used for the corresponding fundamental relation
on hyperrings by Vougiouklis [12,13]. Thus, there is a confusion on the symbolism.
similar to [6] we use the symbol Γ instead of γ for hyperrings. Vougiouklis in [12]
defined the fundamental relation Γ∗ on hyperring R as the smallest equivalence
relation on R such that the quotient R/Γ∗ is a fundamental ring. Let (R,+, ◦)
be a hyperring. Vougiouklis defined the relation Γ as follows:

aΓb if and only if {a, b} ⊆ u, where u is a finite sum of finite products of
elements of R (u may be a sum of only one element), in fact there exist

n, ki ∈ N and xij ∈ R such that u =
∑n

i=1(
∏ki

j=1 xij).

He proved that Γ∗ is the transitive closure of Γ. The both ⊕ and ⊙ on R/Γ∗ are
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defined as follows:

Γ∗(a) ⊕ Γ∗(b) = Γ∗(c) for all c ∈ Γ∗(a) + Γ∗(b),
Γ∗(a) ⊙ Γ∗(b) = Γ∗(d) for all d ∈ Γ∗(a) ◦ Γ∗(b).

The commutativity of addition in rings can be related with the existence of the
unit in multiplication. If e is the unit in a ring then for all elements a, b we have

(a + b)(e + e) = (a + b)e + (a + b)e = a + b + a + b,
(a + b)(e + e) = a(e + e) + b(e + e) = a + a + b + b.

So a+b+a+b = a+a+b+b gives b+a = a+b. Therefore, when we say (R,+, ◦)
is a hyperring, (+) is not commutative and there is not unit in the multiplication.
So the commutativity, as well as the existence of the unit, it is not assumed in the
fundamental ring. Of course, we know there exist many rings (+ is commutative)
while don’t have unit. With above notations we have:

Theorem 1.1. [12, 13] Let (R,+, ◦) be a hyperring and let Γ∗ be the transitive
closure of Γ.

(1) Γ∗ is a strongly regular relation both on (R,+) and (R, ◦).

(2) The quotient R/Γ∗ is a ring.

(3) The relation Γ∗ is the smallest equivalence relation such that the quotient
R/Γ∗ is a ring.

In [6], Davvaz and Vougiouklis introduced the relation α as a new strongly
regular equivalence relation on a hyperring such that the set of quotients is an
ordinary commutative ring. In this paper we need to follow concepts:

A non-empty subset A of a semi-hypergroup (H, ◦) is called invertible to the
left if for every (x, y) ∈ H2, the implication y ∈ A ◦ x ⇒ x ∈ A ◦ y is valid; that
A is invertible if A is invertible to the right and to the left.

We say that a subhypergroup K of (H, ◦) is closed to the right if for every
a ∈ H and for every (x, y) ∈ K2, from y ∈ x ◦ a follows a ∈ K. We say that K is
closed if it is closed to the right and the left.

2 Transitivity of Γ-relation

Definition 2.1. Let M be a non-empty part of R. We say that M is a complete
if for every n ∈ N, i = 1, 2, . . . , n, ∀ki ∈ N, ∀(zi1, zi2, . . . , ziki

) ∈ Rni , we have

n∑

i=1

(

ki∏

j=1

zij) ∩ M 6= ∅ ⇒
n∑

i=1

(

ki∏

j=1

zij) ⊆ M.
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Theorem 2.2. Let ρ be a strongly regular equivalence relation on a hyperring
(R,+, ◦), for every z ∈ R, ρ(z) be the class of z module ρ. Then, ρ(z) is a
complete part.

Proof: Let

n∑

i=1

(

ki∏

j=1

zij)
⋂

ρ(z) 6= ∅, then there exists y ∈
n∑

i=1

(

ki∏

j=1

zij)
⋂

ρ(z).

R/ρ is a hyperring and ϕ : R → R/ρ is the canonical projection, so

ϕ(
n∑

i=1

(

ki∏

j=1

zij)) = ϕ(y) = ρ(z),

thus

n∑

i=1

(

ki∏

j=1

zij) ⊆ ρ(z).

Definition 2.3. Let M be a non-empty part of a hyperring R. The intersection
of the parts of R which are complete and contain M is called the complete closure
of M in R; it will be denoted by C(M).

Before proving the next theorem, we consider the following notation:

[z]nk1,...,kn
= {(zi1, zi2, . . . , ziki

) ∈ Rki |i = 1, 2 . . . , n}.

Theorem 2.4. Let M be a non-empty part of a hyperring R. We set:

K1(M) = M ,

Kn+1(M) = {x ∈ R|∃[z]nk1,...,kn
: z ∈

n∑

i=1

(

ki∏

j=1

zij),
n∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(M) 6=

∅},

K(M) =
⋃

n≥1 Kn(M).

Then, K(M) = C(M).

Proof: It is necessary to prove that:

1) K(M) is a complete part of R;

2) If M ⊆ N and N is complete, then K(M) ⊆ N.

1)

p∑

i=1

(

ki∏

j=1

zij)
⋂

K(A) 6= ∅ implies that n ∈ N exists such that

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(A) 6= ∅,
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from follows

p∑

i=1

(

ki∏

j=1

zij) ⊆ Kn+1 ⊆ K(A).

2) K1(M) = M ⊆ N . Suppose that Kn(M) ⊆ N, we prove that this implies
Kn+1(M) ⊆ N. In fact if z ∈ Kn+1(M), there exists [z]pk1,...,kn

such that z ∈
p∑

i=1

(

ki∏

j=1

zij) and

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(M) 6= ∅. Then

Kn(M) ⊆ N ⇒

p∑

i=1

(

ki∏

j=1

zij)
⋂

N 6= ∅,

from

p∑

i=1

(

ki∏

j=1

zij) ⊆ N, for this reason z ∈ B and thus Kn+1(M) ⊆ B.

Lemma 2.5. 1) For every n ≥ 2 and x ∈ R, we have Kn(K2(x)) = Kn+1(x),

2) x ∈ Kn(y) ⇔ y ∈ Kn(x).

Proof: 1) The proof is by induction: If n = 2 we have

K2(K2(x)) = {z|∃[z]nk1,...,kn
, z ∈

p∑

i=1

(

ki∏

j=1

zij),

p∑

i=1

(

ki∏

j=1

zij)
⋂

K2(x) 6= ∅} = K3(x).

Now, suppose that Kn−1(K2(x)) = Kn(x); then:

Kn(K2(x)) = {z|∃[z]pk1,k2,...,kp
, z ∈

p∑

i=1

(

ki∏

j=1

zij),

∑p
i=1(

∏ki

j=1 zij)
⋂

Kn−1(K2(x)) 6= ∅}

= {z|∃[z]pk1,k2,...,kp
, z ∈

p∑

i=1

(

ki∏

j=1

zij),

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(x) 6= ∅}

= Kn+1(x).

2) We also prove (2) by induction. It is clear that x ∈ K2(y) ⇔ y ∈ K2(x).
Suppose x ∈ Kn−1(y) ⇔ y ∈ Kn−1(x). Let x ∈ Kn(y), then there exists [z]pk1,...,kn

such that z ∈

p∑

i=1

(

ki∏

j=1

zij),

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn−1(y) 6= ∅, from this there exists

v ∈

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(y). Since x, v ∈

p∑

i=1

(

ki∏

j=1

zij) we have v ∈ K2(x). From

v ∈ Kn−1(y) we have y ∈ Kn−1(v). Now, we obtain y ∈ Kn−1(K2(x)) = Kn(x).
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Theorem 2.6. We define the relation K as follows:

xKy ⇔ x ∈ C(y),

then K is an equivalence relation.

Proof: Since x ∈ C(x), the relation K is reflexive. By Lemma 2.5, K is symme-
tric. Now, let xKy and yKz. If P is a complete part and z ∈ P then C(z) ⊆ P,
thus y ∈ P and consequently C(y) ⊆ P and x ∈ C(y). Thus, x ∈ C(z), and so
xKz.

Theorem 2.7. For every (x, y) ∈ R2, we have xKy if and only if xΓ∗ y.

Proof: Suppose xΓy then x ∈ K2(y), therefore x ∈ K(y). Thus Γ ⊆ K, since K
is an equivalence relation we have Γ∗ ⊆ K.

Conversely if xKy then there exists n ∈ N such that x ∈ Kn+1(y), so there

exists

p∑

i=1

(

ki∏

j=1

zij) which contains x and

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(y) 6= ∅. Thus there

exists x1 ∈

p∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(y). Then, {x1, x2} ⊆
∑p

i=1(
∏ki

j=1 zij) and so x1Γx.

Now, we have x1 ∈ Kn(y) and the similar way implies there exists x2 ∈ R such
that x1Γx2. So a consequence one attains x3, . . . , xn such that xn ∈ K1(y) and
xΓx1Γ . . . Γxn = y. Therefore, Γ∗ ⊆ K.

Theorem 2.8. If B is a non-empty part of R, then we have C(B) =
⋃

b∈B

C(b).

Proof: It is clear for every b ∈ B, C(b) ⊆ C(B) and so
⋃

b∈B

C(b) ⊆ C(B). To prove

the converse we have by Theorem 2.4, C(B) =
⋃

n≥1

Kn(B).

Now, we prove by induction Kn(B) =
⋃

b∈B

Kn(b). If n=1 then K1(B) = B =

⋃

b∈B

{b} =
⋃

b∈B

Kn(b). Now, suppose it is true for n, that is, Kn(B) ⊆
⋃

b∈B

Kn(b)

and we prove that Kn+1(B) ⊆
⋃

b∈B

Kn+1(b). If z ∈ Kn+1(B), then there exists

[z]qk1,...,kn
such that z ∈

q∑

i=1

(

ki∏

j=1

zij) and

q∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(B) 6= ∅. From this

and hypothesis induction we have

q∑

i=1

(

ki∏

j=1

zij)
⋂

(
⋃

b∈B

Kn(b)) 6= ∅. Therefore,
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b′ ∈ B exists such that

q∑

i=1

(

ki∏

j=1

zij)
⋂

Kn(b′) 6= ∅. Since z ∈

q∑

i=1

(

ki∏

j=1

zij) then

z ∈ Kn+1(b
′) and so Kn+1(B) ⊆

⋃
b∈B Kn+1(b). Thus,

C(B) =
⋃

n≥1

Kn(B) ⊆
⋃

n≥1

⋃

b∈B

Kn(b)) =
⋃

b∈B

⋃

n≥1

Kn(b)) =
⋃

b∈B

C(b).

Let (R,+, ◦) and (R′, †, ⋆) be two hyperrings, we say that f : R → R′ is
a homomorphism if for every (x, y) ∈ R2 we have f(x + y) = f(x) † f(y) and
f(x ◦ y) = f(x) ⋆ f(y).

Definition 2.9. Let R/Γ∗ be a ring with unitary element and ϕR : R → R/Γ∗

be the canonical projection, we set ωR = ϕ−1
R (1R/Γ∗), and ωR is called the heart

of R

Theorem 2.10. If (R,+, ◦) is a hyperfield, i.e., (R,+, ◦) is a hyperring and
(R, ◦) is a hypergroup, and B is a part of R, then we have ωR ◦ B = B ◦ ωR =
ϕ−1

R (ϕR(B)).

Proof: Clearly ϕ−1
R (ϕR(B)) = {x ∈ R|∃b ∈ B : ϕR(b) = ϕR(x)}. Let y ∈

ϕ−1
R (ϕR(B)), thus for some b ∈ B, ϕR(y) = ϕR(b). Since (R, ◦) is a hypergroup,

u ∈ R exists such that y ∈ b ◦ u, so ϕR(y) = ϕR(b) ⊙ ϕR(u). Since (R/Γ∗,⊙) is
a group and ϕR(y) = ϕR(b), we obtain ϕR(u) = 1R/Γ∗ and so u ∈ ϕ−1(1R/Γ∗) =

ωR. Therefore, ϕ−1
R (ϕR(B)) ⊆ B ◦ ωR.

Conversely if z ∈ B ◦ ωR, then ϕR(z) = ϕR(B) and so z ∈ ϕ−1
R (ϕR(B)). It

is proved that B ◦ ωR = ϕ−1
R (ϕR(B)). By a similar way, we obtain ωR ◦ B =

ϕ−1
R (ϕR(B)).

Theorem 2.11. If (R,+, ◦) is a hyperfield and B is a part of R, then we have
ωR ◦ B = B ◦ ωR = C(B).

Proof: If ϕR(b) = ϕR(x) by Theorem 2.6 and 2.7, x ∈ C(b). Therefore

ϕ−1
R (ϕR(B)) = {x ∈ R|∃b ∈ B : x ∈ C(b)} =

⋃

b∈B

C(b) = C(B)

and by Theorem 2.11, the proof is completed.

Corollary 2.12. If A is a non-empty part of hyperfield (R,+, ◦), then A is a
complete part if and only if A = A ◦ ωR.
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Proof: By Theorem 2.11, C(A) = A ◦ ωR. Now, A = A ◦ ωR if and only if
A = C(A) and the proof is completed .

Theorem 2.13. If A is a complete part and B is a non-empty part of a hyperfield
R, then A ◦ B and B ◦ A are complete.

Proof: By Theorem 2.11, we have C(A ◦B) = A ◦B ◦ωR = A ◦ωR ◦B = A ◦B.
Thus, by Corollary 2.12, A ◦ B is a complete part.

Theorem 2.14. If (R,+, ◦) is a hyperfield and A is a subhypergroup of (R, ◦),
then:

1) If A is a complete part, then A is invertible (by hyperoperation ◦).

2) If A is invertible to the right, then it is closed to the left.

Proof: 1) Let y ∈ A ◦ x, then a ∈ A exists such that y ∈ a ◦ x, from which
ϕR(y) = ϕR(a) ⊙ ϕR(x), from this follows ϕR(x) = ϕR(a)−1 ⊙ ϕR(y), so since
ϕR(A) is subgroup of (R/Γ∗,⊙) we have ϕR(x) ∈ ϕR(A) ⊙ ϕR(y) = ϕR(A ◦ y).
By Theorem 2.13, A ◦ y is complete part. Therefore, x ∈ ϕ−1

R (ϕR(A ◦ y)) = A ◦ y,
and (2) is easily verified.

Theorem 2.15. The heart of hyperfield R is the intersection of all the subhy-
pergroup of (R, ◦) which are complete part.

Proof: We set SC the set of all subhypergroups of (R, ◦) which are complete
parts. Since ωR = ϕ−1(1R/Γ∗), then ωR is subhypergroup of (R, ◦), and so
ωR ◦ ωR = ωR, thus by Theorem 2.12, ωR is a complete part. It is sufficient
to prove that if A ∈ SC, then ωR ⊆ A. Since A ∈ SC by Theorem 2.14, A is
invertible. On the other hand A = A ◦ ωR. Hence, for every x ∈ ωR there exists
(a, b) ∈ A2 such that b ∈ a ◦ x, therefore b ∈ A ◦ x. Since A is invertible thus
x ∈ A ◦ b. Therefore, x ∈ A and this implies ωR ⊆ A.

Before proving the next theorem, we introduce the following notations. For
every element z of a hyperring R, we put:

P (z) = {A ∈ P ∗(R)|z ∈ A,∃[x]nk1,...,kn
, A =

n∑

i=1

(

ki∏

j=1

xij)}

and
M(z) =

⋃

A∈P (z)

A
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Theorem 2.16. For every z ∈ R, M = M(z) is a complete part.

Proof: Suppose that

n∑

i=1

(

ki∏

j=1

xij)
⋂

M 6= ∅, then there exists

a ∈
n∑

i=1

(

ki∏

j=1

xij)
⋂

M

and so there exists A ∈ P (z) such that a ∈
n∑

i=1

(

ki∏

j=1

xij)
⋂

A. Since (R, ◦) is

reproducible, there exist w1, . . . , wn ∈ R and b ∈ R such that xiki
∈ wi ◦ z and

z ∈ a ◦ b. Now,
n∑

i=1

(

ki∏

j=1

xij) ⊆
n∑

i=1

(

ki−1∏

j=1

xij ◦ wi ◦ z) ⊆
n∑

i=1

(

ki−1∏

j=1

xij ◦ wi ◦ a ◦ b) ⊆

n∑

i=1

(

ki−1∏

j=1

xij ◦ wi ◦ A ◦ b). Also we have z ∈ a ◦ b ⊆
n∑

i=1

(

ki−1∏

j=1

xij ◦ xiki
) ◦ b ⊆

n∑

i=1

(

ki−1∏

j=1

xij◦wi◦z)◦b ⊆
n∑

i=1

(

ki−1∏

j=1

xij◦wi◦A◦b). But

n∑

i=1

(

ki−1∏

j=1

xij◦wi◦A◦b) ∈ P (z)

and therefore

n∑

i=1

(

ki∏

j=1

xij) ⊆ M(z).

Corollary 2.17. Let R be a hyperfield. Then, for every z ∈ ωR we have M(z) =
ωR.

Proof: If z ∈ ωR, then for every x ∈ M(z), by Theorem 2.16, we have ωR =
C(z) ⊆ M(z). Conversely, it is clear that M(z) ⊆ ωR. Thus, M(z) = ωR.

Theorem 2.18. If R is a hyperfield then Γ∗ = Γ

Proof: If x Γ∗ y, then there exists (v, w) ∈ ω2
R such that y ∈ x ◦ v and x ∈ x ◦w.

By Theorem 2.16, M(w) = ωR. Therefore, there exists A ∈ P (w) such that

v ∈ A. If A =
n∑

i=1

(

ki∏

j=1

xij) then {x, y} ⊆ x ◦
n∑

i=1

(

ki∏

j=1

xij) and so xΓy.



242 S. Mirvakili, S.M. Anvariyeh and B. Davvaz

References

[1] P. Corsini, Prolegomena of hypergroup theory , Aviani Editore, 1993.

[2] P. Corsini and V. Leoreanu, Applications of hyperstructure theory, Ad-
vances in Mathematics, Kluwer Academic Publishers, 2003.

[3] P. Corsini and V. Leoreanu, About the heart of a hypergroup, Acta
univ. Carolinae, 37 (1996) 17-28.

[4] B. Davvaz and A. Salasi, A Realization of hyperrings, Comm. Algebra,
34(12) (2006) 4389-4000.

[5] B. Davvaz and M. Karimian, On the γ∗
n-complete hypergroups, European

J. Combiniatorics, 28 (2007) 87-93.

[6] B. Davvaz and T. Vougiouklis, Commutative rings obtained from hyper-
rings (Hv-rings) with α∗-relations, Comm. Algebra, 35 (2007) 3307 - 3320.

[7] D. Freni, A new characterization of the derived hypergroup via strongly
regular equivalences, Comm. Algebra, 30 (8) (2002) 3977-3989.

[8] M. Karimian and B. Davvaz, On the γ-cyclic hypergroups, Comm. Al-
gebra, 34(12) (2004) 4579-4590.

[9] M. Koskas, Groupoides, Demi-hypergroupes et hypergroupes, J. Math.
Pure Appl., 49 (1970) 155-192.

[10] F. Marty, Sur uni generalization de la notion de groupe, 8iem Congres
Math. Scandinaves, Stockholm, (1934) 45-49.

[11] C. Pelea, On the fundamental relation of a multialgebra, Italian J. Pure
Appl. Math., 10 (2001) 141-146.

[12] T. Vougiouklis, The fundamental relation in hyperrings. The general hy-
perfield, Proc. Fourth Int. Congress on Algebraic Hyperstructures and Ap-
plications (AHA 1990), World Scientific, (1991) 203-211.

[13] T. Vougiouklis, Hyperstructures and their representations, Hadronic
Press, Inc, 115, Palm Harber, USA (1994).

[14] T. Vougiouklis, Some results on hyperstructures, Contemporary Math.,
184 (1995) 427-431.

[15] T. Vougiouklis, Representations of hypergroups by hypermatrices, Rivista
di Mat. Pura ed Appl., 2 (1987) 7-19.



Transitivity of Γ-relation on hyperfields 243

Received: 1.06.2008.

Department of Mathematics, Yazd University,

Yazd, Iran

E-mail: saeed mirvakili@yahoo.com

E-mail: anvariyeh@yazduni.ac.i

E-mail: davvaz@yazduni.ac.ir


